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Abstract. We prove in a uniform way that all Denjoy-Carleman differen- 
tiable function classes of Beurling type C'*'' and of Roumieu type C^*^^, 
admit a convenient setting if the weight sequence M = (M^ ) is log-convex and 
of moderate growth; For C denoting either C'*^' or C^^^^ , the category of 
C-mappings is cartesian closed in the sense that C{E,C{F, G)) = C{E X F, G) 
for convenient vector spaces. Applications to manifolds of mappings are given: 
The group of C-diffeomorphisms is a regular C-Lie group if C 3 , but not 
better. 



1. Introduction 

Denjoy-Carleman difFerentiable functions form classes of smooth functions that 
are described by growth conditions on the Taylor expansion. The growth is pre- 
scribed in terms of a sequence M — (Mk) of positive real numbers which serves as 
a weight for the iterated derivatives: for compact K the sets 

.p^k\Mk 

are required to be bounded. The positive real number p is subject to either a 
universal or an existential quantifier, thereby dividing the Denjoy-Carleman classes 
into those of Beurling type, denoted by C*^*^' , and those of Roumieu type, denoted 
by C^*^^, respectively. For the constant sequence M = (M^) = (1), as Beurling 
type we recover the real and imaginary parts of all entire functions on the one 
hand, and as Roumieu type the real analytic functions on the other hand, where 
1/p plays the role of a radius of convergence. Moreover, Denjoy-Carleman classes 
are divided into quasianalytic and non-quasianalytic classes, depending on whether 
the mapping to infinite Taylor expansions is injective on the class or not. 

That a class of mappings C admits a convenient setting means essentially that 
we can extend the class to mappings between admissible infinite dimensional spaces 
E,F, . . . so that C{E, F) is again admissible and we have C{E x F, G) canonically 
C-diffeomorphic to C{E,C{F, G)). This property is called the exponential law, it 
includes the basic assumption of variational calculus. Usually the exponential law 
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comes hand in hand with (partiaUy nonlinear) uniform boundedness theorems which 
are easy C-detection principles. 

The class C°° of smooth mappings admits a convenient setting. This is due 
originally to [8], [9], and |19], [20]. For the C°° convenient setting one can test 
smoothness along smooth curves. Also real analytic (C") mappings admit a conve- 
nient setting, due to [21] : A mapping is C"^ if and only if it is C°° and in addition 
is weakly along weakly C"-curves (i.e., curves whose compositions with any 
bounded linear functional are C"); indeed, it suffices to test along afhne lines in- 
stead of weakly C"-curves. See the book for a comprehensive treatment, or 
the three appendices in |24] for a short overview of the C°° and C"^ cases. We shall 
use convenient calculus of C°°-mappings in this paper, and we shall reprove that 
C" admits a convenient calculus. 

We now describe what was known about convenient settings for Denjoy-Carleman 
classes before: In [53] we developed the convenient setting for non-quasianalytic log- 
convex Denjoy-Carleman classes of Roumieu type C^^^ having moderate growth, 
and we showed that log-convexity and moderate growth are necessary. There a 
mapping is C^*^'' if and only if it is weakly C^^*^^ along all weakly C''^*^^- curves. 
The method of proof relies on the existence of C^*^^ partitions of unity. 

We succeeded in |25| to prove that some quasianalytic log-convex Denjoy- 
Carleman classes of Roumieu type C'^*^'^ having moderate growth admit a con- 
venient setting. The method consisted of representing (7^^^^ as the intersection of 
all larger non-quasianalytic log-convex classes C'^^^ . A mapping is C^*^> if and 
only if it is weakly C'^^^ along each weakly C'f^^-curve for each non-quasianalytic 
log-convex L > M. We constructed countably many classes which satisfy all these 
requirements, but many reasonable quasianalytic classes C^'^^^ like the real ana- 
lytic class, are not covered by this approach. 

In this paper we prove that all log-convex Denjoy-Carleman classes of moderate 
growth admit a convenient setting. This is achieved through a change of philosophy: 
instead of testing along curves as in our previous approaches [24) and [25) we test 
along Banach plots, i.e., mappings of the respective weak class defined in open 
subsets of Banach spaces. By 'weak' we mean: the mapping is in the class after 
composing it with any bounded linear functional. In this way we are able to treat all 
Denjoy-Carleman classes uniformly, no matter if quasianalytic, non-quasianalytic, 
of Beurling, or of Roumieu type, including and real and imaginary parts of 
entire functions. Furthermore, it makes the proofs shorter and more transparent. 

Smooth mappings between Banach spaces are 

C(M) Qj. (j{M} if ^i^gjj. derivatives 
satisfy the boundedness conditions alluded to above. A smooth mapping between 
admissible locally convex vector spaces is C*^*^-' or C^^^^ if and only if it maps 
Banach plots of the respective class to Banach plots of the same class. This implies 
stability under composition, see 14.111 

We equip the spaces of C''-*^' or C^^^^ mappings between Banach spaces with 
natural locally convex topologies which are just the usual ones if the involved Ba- 
nach spaces are finite dimensional, see 14. II In order to show completeness we need 
to work with Whitney jets on compact subsets of Banach spaces satisfying growth 
conditions of Denjoy-Carleman type, see l4.2l Having found nothing in the literature 
we introduce Whitney jets on Banach spaces in Section |3l 
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In 17.21 we show that the structure of the Roumieu type classes of Denjoy- 
Carleman differentiable mappings studied in the present paper coincide bornologi- 
cally with the classes considered previously in [24 and [25) and, most notably, with 
the structure of real analytic mappings introduced in [21] (see also |22j). We 
want to stress that thereby we provide a considerably simpler proof for the real 
analytic convenient setting. But for the results that testing along curves suffices 
one still has to rely on [21], [21], and [25) . 

For a class of mappings C that admits a convenient setting one can hope that 
the space C(A,B) of all C-mappings between finite dimensional C-manifolds (with 
A compact for simplicity) is again a C-manifold, that composition is C, and that 
the group Diff'' (A) of all C-diffeomorphisms of ^ is a regular infinite dimensional 
C-Lie group. In Section |9] this is proved for all log-convex Denjoy-Carleman classes 
of moderate growth C^^^^ and for the classes C'-*^' containing C". 

A further area of application is the perturbation theory for linear unbounded 
operators. This will be explained in [5^ and [55]. 

Notation. We use N = N>o U {0}. For each multi-index a = {ai,. . . ,a„) S N", 
we write a! — ai \ ■ ■ ■ aj., \a\ = ai + ■ ■ ■ + an, and d" = d^°'^/dxi^ ■ ■ ■ dx'^" . 

A sequence r = (rfc) of reals is called increasing if rj, < rk+i for all k. 

We write /'•'^■'(x) = d!' f(x) for the fc-th order Frechet derivative of / at x; by 
we mean k times iterated directional derivatives in direction v. 

For a convenient vector space E and a closed absolutely convex bounded subset 
B C E, we denote by Eb the linear span of B equipped with the Minkowski 
functional ||a;||B — inf{A > : a; e XB}. Then Eb is a Banach space, li U C E 
then Ub '■= "i-B^iU), where iB '■ Eb E is the inclusion of Eb in E. 

We denote by E* (resp. E') the dual space of continuous (resp. bounded) linear 
functionals. L{Ei, . . . ,Ek; F) is the space of fc-linear bounded mappings _Bi x • • • x 
Ek F; if Ei = E for all i, we also write L^{E, F). li E and F are Banach spaces, 
then II \\l>'{e,f) denotes the operator norm on L'^{E, F). By L^y^{E, F) we denote 
the subspace of symmetric fc-linear bounded mappings. We write oE for the open 
unit ball in a Banach space E. 

The notation C'^l stands locally constantly for either C^*^^ or C^*^^ ; this means: 
Statements that involve more than one C^^^ symbol must not be interpreted by 
mixing C(^) and C^^}. 

From l^TBl on. if not specified otherwise, a positive sequence M = [Mk) is assumed 
to satisfy A/q = 1 < Mi. In Section|9]we also assume that M = [Mk) is log-convex 
and has moderate growth, and in the Beurling case C^*^' = C'(-M^) ^ffQ additionally 
require C C^*^) . 

2. Denjoy-Carleman differentiable functions in finite dimensions 

2.1. Denjoy Carleman differentiable functions of Beurling and Roumieu 
type in finite dimensions. Let M = {Mk)k&i be a sequence of positive real 
numbers. Let U C M" be open, K C U compact, and p > 0. Consider the set 



(1) 




We define the Denjoy-Carleman classes 



C(M)([/) .= {J £ C°°{U) : V compact -ftT C [/ Vp > : (1) is bounded}, 
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{J £ C°°{U) : V compact K C U 3p > : (!) is bounded}. 

The elements of C^-^'^\U) are said to be of Beurling type; those of C^'^^^{U) of 
Roumieu type. If Mk — 1, for ah k, then C'^^^^([/) consists of the restrictions to 
U of the real and imaginary parts of all entire functions, while C^^^'^(C/) coincides 
with the ring {U) of real analytic functions on U . We shall also write C'*^! and 
thereby mean that Cl^l stands for either C'^^^ or C^*^\ 

A sequence M ~ {Mk) is log-convex if fc i~> log(Mfc) is convex, i.e., 

(2) Ml < Mfc_i Mfe+i for all k. 

If M = (Mk) is log-convex, then k i— > (Alk/Mo)^/'^ is increasing and 

(3) Ml Mk < Mo Mi+k for aU fc € N. 

Let us assume Mq — 1 from now on. Furthermore, we have that k klAIk is 
log-convex (since Euler's F- function is so), and we call this weaker condition weakly 
log-convex. If M = (M^) is weakly log-convex, then C[*^](J7, M) is a ring, for all 
open subsets U C R". 

If M = (Mk) is log-convex, then (see the proof of [24j 2.9]) we have 

(4) M( Mk > Mj Ma, ■ ■ ■ Ma^ for all at € N>o with 

This implies that the class of C^*^] -mappings is stable under composition (in the 
Roumieu case by [31], see also |6] or [1] 4.7]; the same proof works in the Beurling 
case; it also follows from l4.lTl compare also with 12. 5| ). 

If M = {Mk) is log-convex, then the inverse function theorem for C^^^> holds 
([IS]; see also [11 4.10]), and C^^^^ is closed under solving ODEs (due to [H]). If 
additionally we have Mk+i/Mk — >■ oo, then also C^^^ is closed under taking the 
inverse and solving ODEs (again by [16] and [E]). See [36], [37], and l9.2l for Banach 
space versions of these results. 

Suppose that M = {Mk) and N = {Nk) are such that supfe(Mfc/iVfc)i/'= < oo, 
i.e. there exist constants C, p > so that 

(5) Mk < Cp^Nk for ah k. 

Then C'^^\U) C C^^\U) and C^*^>([/) C C{^>([/). The converse is true in the 
Roumieu case if M — {Mk) is weakly log-convex: 

c C{^>(C/) implies that 

(5) holds for some C,p. Namely, there exists / £ C^^^>(R) such that 1/('=H0)| > 
k\ Mk for all k (see [35l Thm. 1]; and also l2.3p . As a consequence C'^{U) is contained 
in C{*^>([/) if and only if limMfc/'' > 0. 

el*'-'! is stable under derivations (alias derivation closed) if 

(6) sup -r^ <oo. 

The converse is true in the Roumieu case if M = {Mk) is weakly log-convex: C^^^^ 
is stable under derivations if and only if (6) holds. 

A sequence M = {Mk) is said to have moderate growth if 
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Moderate growth implies (6) and thus stability under derivations. If M — (Mk) is 
weakly log-convex and has moderate growth, then C^*^! (U) is stable under ultra- 
differential operators. An operator of the form P{D) = '^^QaD" , Qa G C, is an 
ultradifferential operator of class C*-*"^^ (resp. C^^^ ) if there are constants C, p > 
(resp. for each p > there exists C > 0) such that \aa\ < ^^^flj^ for all a, see [HI 
2.11 and 2.12]. 

For sequences M — {Mk) and N — [Nk) of positive real numbers we define 
M <N : ^ Vp > 3C> : Affe < Cp^Nk V/fc G N 

^ lim(^)*=0. 

If M < N, then we have C^'^'^U) C C'^^^U). If M = (Mfe) is weakly log-convex, 
also the converse is true: C^*^^ (U) C C'^^^ (U) implies M<\N. This follows from the 
existence of a function / e C^*^> (R) with l/^'^) (0)| > k\ Mk for aU k (see [351 Thm. 
1]). As a consequence C"^(U) is contained in C^*^''(?7) if and only if M^^*^ — ^ oo. 

2.2. Theorem (Denjoy-Carleman [5], [5]). For a sequence M — {Mk) of positive 
real numbers the following statements are equivalent: 

(1) C'^^l is quasianalytic, i.e., for open connected U C R" and each x £U , the 
Taylor series homomorphism centered at x from C^*^! (C/, R) into the space 
of formal power series is injective. 

(2) X]fc°=i — hj) ~ °° where rn^k ^"^ := inf {(j! Mj)^/-' : J > fc} is the increasing 

minorant of {kl Mk)^^^ . 

(3) E^i(-tW)^^'' = °° wf^ere mI^^"^ is the log -convex minorant of k\ Mk, 

given by M^^^"'' := M{{jl Mj)'t^ {II Mi)t^ : j < k < l,j < I}. 

(4) EZo StS - oo. 

For contemporary proofs (of the equivalence of (l)-(4)) in the Roumieu case see 
for instance [131 1.3.8] or [32l 19.11]. For the equivalence to the Beurling case see 
[H 4.2]. 

2.3. Sequence spaces. Let M — {Mk)k£N be a sequence of positive real numbers, 
and p > 0. We consider (where stands for 'formal power series') 

•^p' := {{fk)keN e R^ : 3C7> OVfc e N : ]/,.] < Cp'^klMk], 

:F^^''^ ■.= f]T^', and :F^''^ := [j T^' . 

p>0 p>0 

Lemma. Consider the following conditions for two positive sequences M^ — {MJ^), 
i = 1,2, and < a < oo: 

(1) supfc(Mi/M|)i/'= ^ a. 

(2) For all p>0 we have F^^^ C T^'J . 

(3) ^{A^'> C^{^^'}. 

(4) C 

(5) Afi <]M2. 

(6) .F{^^'> C.F(*^'). 
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Then we have (1) ^ (2) (3) ^ (4) and (5) ^ (6). 

Proof. (1) ^ (2) Let / = (fk) E i.e., there is a C > such that \fk\ < 

Cp'^B.Ml < C{pafk\Ml, for all k. So f e J"*f . 

(2) ^ (3) and (2) ^ (4) follow by definition. 

(3) =^ (1) Let fk ■■= k\Ml. Then / = [Jk) G J"^*'^'> C J-i^/^}, so there exists 
p > such that k\Ml < p'^+^klM'^ for all k. 

(5) (6) Let / ^ {fk) e J"*-^' . As il/i <] M^, for each ct > there exists C > 
such that |/fc| < C{^fk\Mk for all fc. So / e J"!^' for all cr. 

(6) (5) Since {kWh) G J'^^^'> C for each p > there is C > such 
that klMl < Cp^MMl for all fc, i.e., O Af^. □ 

2.4. Theorem. Let M = (Mk) be a (weakly) log-convex sequence of positive real 
numbers. Then we have 

(1) 

L L 

where the intersections are taken over all (weakly) log-convex L — {Lk) with M <iL. 

Proof. The inclusions J"{*^> C Hl-T^*^^ ^ Hl -^^^^ ^11°^ from Lemma O So it 
remains to prove that D fl^ -F^^^ Let / = {fk) i i.e., 

(2) m(M.Y^^. 

^ ' \k\Mk) 

We must show that there exists a (weakly) log-convex L — {Lk) with M <\ L such 
that / i 

Choose aj,bj > with aj oo, bj \, 0, and ajbj — oo. Now (2) implies that 
there exists a strictly increasing sequence kj G N such that 

\fk,\ 



( life, I y 

\(kAlMkJ 



> a,. 



■{k.y.Mk,. 

Passing to a subsequence we may assume that fco > and that 

\fk,\ 



■ {k.y.Mk,. 

Passing to a subsequence again we may also get 

(3) ft+i > (/3,)'^- . 

We define a piecewise affine function (f) by 

{0 if fc = 0, 

kj log (3j if fc = kj , 
Cj + dj fc for the minimal j with k < kj, 

where Cj and dj are chosen such that (j) is well defined and (/)(fcj_i) = Cj + djkj^i, 
i.e., for J > 1, 

Cj + dj kj — kj log l3j , 
Cj + djkj-i — fcj_i log/3j_i, and 
Co = 0, 
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do = log/3o- 
This implies first that Cj < and then 



< <iog/3,-+i. 



(5) log/3,-+i 

Thus J I— dj is increasing and so (p is convex. The fact that all Cj < implies that 
(j){k)/k is increasing. 
Now let 

Lfc := e-^C^) • Mfc. 

Then i = {Lk) is (weakly) log-convex, since so is M = (A/fe). As (t){k)/k is 
increasing and e'^''^^-'/'^^ = /3j — >■ cx), we find M <\ L. Finally, / ^ J-^^\ since we 
have 

/ l/fc,l \ ^ ^ / ^ . p-0(fcj)/fc, ^ ^ . 0-1 ^ ^-1 

l(fc,)!L,J V(fc,)!M,J V(fc,)!M,.J 

The proof is complete. □ 

Remark. (4) If Mq 1 < Mi we also have Lq — 1 < Li. 

(5) The proof also shows that, if M = (M^) is just a positive sequence, then (1) 
still holds if the intersections are taken over all positive sequences L = (L^) with 
M <iL. 

2.5. Lemma. Let M — (Mk) and L ~ {Lk) be sequences of positive real numbers. 
Then for the composition of formal power series we have 

(1) j-Moj-!fi c 

where (Af o i)^, maxjAfj-L^j . . . L^^ : e N>o, ai + ■ ■ ■ + aj — k}. 

Here J-^q is the space of formal power series in J-^^^ with vanishing constant 



> 

term. 



Proof. Let / e J"^*^) and g € (resp. / G J'^*^^ and g € For A:> we 

have (inspired by [7]) 

5a 1 9a J 



{f°9)k . 
fc! ■ 


_ \ " h 

,1 

ai- 


E 

H hQ!3=fe 


\ifog)k\ 
k\{MoL)k 


<y i/^-i 


E 

QlH httj 




k 


E 



ai ! ttj ! 



=k 

k 



J = l 

QlH hctj=fc 



/C- 1 



\fe-l 
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1 + PfCg 

This implies (1) in the Roumieu case. For the BeurUng case, let r > be arbitrary, 
and choose ct > such that t = y/a + a. If we set pg = y/a and Pf = jCg^ then 
/ogGj-f°^. □ 

2.6. Convention. For a positive sequence M — {Mk) £ (R>o)^ consider the fol- 
lowing properties; 

(0) Mo = 1 < Ml. 

(1) M = (Mk) is weakly log-convex, i.e., k i— ?> log(fc! Mk) is convex. 

(2) M = (Mk) is log-convex, i.e., k i— >■ log(Mfe) is convex. 

(3) M — (Mk) is derivation closed, i.e., k ^ {^%^)^ is bounded. 

(4) M — (Mk) has moderate growth, i.e., (j, k) i— i^^jj-)^ is bounded. 



(5) 



Mfc + i 



(6) m]!^ cx), or equivalents, C"^ C C^*^). 

Henceforth, if not specified otherwise, we assume that M = (M^), N = (^fc), 
L = (ife), etc., satisfy condition (0). It will be explicitly stated when some of the 
other properties (l)-(6) are assumed. 

Remarks. Let M — (Mk) be a positive sequence. We may replace {Mk)k by 
{Cp''Mk)k with C, p > without changing J^I^^l (see 12. 3p . In particular, it is no 
loss of generality to assume that Mi > 1 (put Cp > 1/Mi) and Mq = 1 (put 
C :— I/Mq). Each one of the properties (l)-(6) is preserved by this modification. 
Furthermore M — (Mk) is quasianalytic if and only if the modified sequence is so, 
since (M^''''^-')^ fsee l2.2p is modified in the same way. 

Condition (0) and (1) together imply that k i-^ k \ Mk is monotone increasing, 
while (0) and (2) together imply that k i— > Mk is monotone increasing. 

3. Whitney jets on Banach spaces 

3.1. Whitney jets. Let E and F be Banach spaces. For open U C E consider the 
space C°°{U, F) of arbitrarily often Frechet differentiable mappings f : U —?' F. For 
such / we have the derivatives f^^'' : U — L^y^{E,F), where L^y^{E,F) denotes 
the space of symmetric fc-linear bounded mappings E x ■ ■ ■ x E ^ F. We also have 
the iterated uni-dircctional derivatives d'^flx) e F defined by 

d'jix) (^^^' f{x + tv)\,=o- 

Let j°° : C^{U,F) ^ J^{U,F) := UkeN^iU, L^y^{E, F)) be the jet mapping 
/ (.f ''^'')feeN- On L^y^^{E,F) we consider the operator norm 

Uh^^^iE^F) sup|||^(?;i,...,i;fc)||i=^ : \\vj\\E < 1 for all j G {l,...,fc}|. 
Note that by the polarization equality (see [22l 7.13.1]) 
snpmv,...,v)\\F : \\v\\e < 1} < ll^ll Lj^.„(i=;,F) 

<(2e)^ snpmv,...,v)\\p:\\v\\E<l} 
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For an infinite jet / = {f'')keN S Ylk^jq Lgy^{E , F)^ on a subset X C E let the 
Taylor polynomial {T^f)'' : X L^y^{E, F) of order n at y be 

n 

and the remainder 

{K^f)\x) := f\x) - {T^f)\x) = {T^f)\x) - {T^f)\x) G L^,y^{E,F). 
Let 

ll/IU := sup{ll/''(a;)llLf,„(£,F) : X e X} e [0,+oo] and 

\x — y\\ 

By Taylor's theorem, for / e C^{U, F) and [x, y] C U we have 

/(/C+J)(y)(^_y)i 



r WiRyfrWh^ (EF) 1 

:= sup|(n+ 1)! _ ^ : x,y & X,xi- y| € [0, +00] 



(ii^/)'=(a;) = /W(a.)-^ 



dt 

and hence for convex X CU: 

l^llin.fe • = 



r/i; 



= sup|(n+ 1)! ^ — _ : \\vj\\E < l,x,y e X,x y j 

<SUp| 1. _ \\Vj\\E<l,XJ^yj 



,\\{R^fr^x){v,....,Vk)\\F 

\x - y\\ 

yik+n+1) x-y,...,X 

\\x-y\\ 

(1) < \\rf\x\\n+k+l. 

We supply C°° (?7, F) with the semi-norms 

/ lln for all compact K CU and all n e N. 

For compact convex K C E the space C°°{E ^ iiT, i^) of Whitney jets on K is 
defined by 

C°°{E D K,F) := 

= {f= {f)ken e n Ci^'Lsym{E,F)) : \\\f\\\n,k < 00 for all n, G n} 
feeN 

and is supplied with the seminorms || ||„ for n € N together with ||| \\\n,k for 
n,k€N. 

3.2. Lemma. For Banach spaces E and F and compact convex K C E the space 

C°°{E D K, F) is a Frechet space. 

Proof. The injection of C°°(i; D K, F) into OfegN '^'y^^ L^ym{E, F)) is continuous 
by definition and C{K, L^y^{E, F)) is a Banach space, so a Cauchy sequence {fp)p 
in C°°{E D K,F) has an infinite jet /oo = {f^)k as component- wise limit in 
rifegN ^(-^' -^sym(-^> -^)) with respcct to the seminorms || This is the limit also 
with respect to the finer structure of C°° {E D K, F) with the additional seminorms 
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III 1 1 |„,fe as follows: For given n,k E N and e > there exists by the Cauchy condition 
a po such that |||/p — /g|||n,fe < e/3 for all p,q > po. By the convergence fq — >■ foo 
in rifeGN ^(^' -^syin(^' ^)) there exists for given x,y G K with x y a, q> po such 
that for all TO < fc + n 

||/« - U\m < \~f^y ^ I min{l, e-ll-^ll} 

and hence 



< 



- E 11/9 ~ /oo|U+j 

^ \\x^yr+' e ||,_^|| ^ ||x-2/|p- ^ ||x-^||"+i e 

- (n+1)! 3 ^ j! - (n + 1)! 3" 



So 



a; -2/11' 



ll~_,,||n+l - 



< |||/p-/g|||n,fe + (ri + l)!- 



Ik -2/11 



n+1 



< J + (n+l)! 



ll/,'(^)-/^(2^)llLf,„(i5,F) 



3 ^ lix-y||"+i 
+ (n + l)! 



||a;-y||"+i 
and finally 

lll/p - /oollln.fe < e for allp >po- 

Consequently, 

1 1 1/00 1 1 In, /c ^ 111/00 /p|||n,fc ~t~ |||/p|||n,fc ^ '-'^5 

i.e., /ooeC°°(i^2i^,i^) □ 

4. The category of Denjoy-Carleman differentiable mappings 

4.1. Spaces of Denjoy Carleman jets or mappings between Beinach 
spaces. Let E and F Banach spaces, K C E compact, and p > 0. Let 

C^{E DK,F): = G H C{K,L^^^{E,F)) : ||/||, < oo}, 

where ||/|L : = maxisupl f'^*^" : m € n), 



'^l(n + fc + l)!p"+'=+iM„+fc+i J 
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cf. [331 p. 3], [H p. 11] and [3, p. 11], and, for an open neighborhood [/ of if in E, let 

CMJU, F): = {fe C^{U, F) : G Cf (i? DK,F)] 

supphed with the semi- norm / i-> This space is not Hausdorff and for 

infinite dimensional E it(s Hausdorff quotient) will not always be complete. This 
is the reason for considering the jet spaces C^'^ {E I) K,F) instead. Note that 
for convex K we have |||j°°/|K|||n,fe < ||j°°/|K||n+fc+i by p. Il l) and hence the 
seminorm / i-)- ||j°°/|/f||p on p{U,F) coincides with 

Thus 

CMAU,F) = {/ e : {\\rf\K\Um e J-p^} 

and the bounded subsets B C ^[U, F) are exactly those B C C°°{U, F) for which 

e J"p*^ where 6„ := sup{|| ■ f & B}. 
For open convex U C E and compact convex K C U let 

C^M)(^E D if, F) : = Pi C^/{E D K, F), 

p>0 

C^M}^^ D X, F) : = IJ C'^/{E ^K,F), and 

p>0 

C^^\U,F) : - {/ e C°°([/,F) : Vif : {f'^'^^W) e C^^'^^E D 
I.e., we consider the projective limit 

C^^f'){ED K,F) -l^C^'iED K,F), 

p>0 

the inductive limit 

C{M} (^EDK,F):^ hm {E 2K,F), 

and the projective limits 

C[^'^1(J7,F) := ^ C[*^1(F D if,F), 

where K runs through all compact convex subsets of U . 
Furthermore, we consider the projective limit 

d^'\u,F) ■.= \^C'JJU,F), 

p>0 

and the inductive limit 

CI,''HU,F) ■.= \ur^CMjU,F). 

p>0 

Thus 
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c 



[M] 
K 



{U,F) = {/ e C°°iu,F) : iWr fWUm e 



Furthermore, the bounded subsets B C cj^^-* (C/, F) are exactly those B C C°° (J7, F) 
for which (6m)„i G where 6„i := sup{|j ||„i : / G S}, and subsets 

B C for which e where 6™ sup{||j°°/|^f ||„, : / G S}, 

are bounded in cj^^'\u,F). 
Finally, the projective limits 

^ Cf 1(C/,F) = {/ e C°°(U,F) : : (||r/klkn)™ G -FI^-''}, 

where if runs through all compact convex subsets of U, are for E = K" and F = M 
the same vector spaces as in 12. II and the topology is the usual one. 

For the inductive limits with respect to p > it suffices to take p e N only. 

4.2. Proposition. We have the following completeness properties: 

(1) The spaces Cp\E D K,F) are Banach spaces. 

(2) The spaces C^*^-* {E D K, F) are Frechet spaces. 

(3) The spaces C^^^ {E 13 K,F) are compactly regular (i.e., compact subsets 
are contained and compact in some step) (LB)-spaces hence (c°° -) complete, 
webbed and (ultra- )bornological. 

(4) The spaces 

C[M] ({j^ (j^g complete spaces. 

(5) As locally convex spaces 

C^''''HU,F) lim C^^'^E DK,F)= lim d^''\u,F). 

KCU KCU 

Proof. (1) The injection C^\E D K,F) JJ^^j,^ C {K , L^y^{E , F)) is by defi- 
nition continuous and C {K , L^y^{E , F)) is a Banach space, so a Cauchy sequence 
(/p)p in Cp^{E D K,F) has an infinite jet /oo — {f^)k as component-wise limit in 
OfeeN ^(^' Lsyin(i?, F)). This is the limit also with respect to the finer structure of 
C^{E D K,F) as follows: For fixed n, k and x ^ y we have that {Ryfp)^{x) con- 
verges to {Ryfao)''{x). So we choose for e > a po G such that — fq\\p < e/2 
for all p,q > Po and given x, y, n, and k we can choose q > pq such that 



{w^f,nx)-iR^f^rix)h. ,E,F) 



e 



^ ^' (n + fc + l)!p"+'=+iM„+fe+i||x-?;||"+i 2 



and 



H/,"W-/^(^)IUg,.„(g,F) ^ e 
n! M„ 2 ■ 

Thus 

„ \\{Ryfpf{^)~{Rlfoo)Hx)\\Li^^AE,F) 

(n + IV < 

^ {n + k + l)!p"+'=+iAf„+fc+i||a; - y\\^+^ 

Il/P ^'^ll'' + ^^^ + ^^(„ + fc + i)!p«+/c+iM„+,+i||a:-y|h+i 
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and hence 



(n + fc+l)!p"+'=+iM„+fe+i 



< e 



and similarly for ^^I'^ JmI" ■ Thus ||/p - /oo||p < e for aU p > po- 

(2) This is obvious; they are countable projective limits of Banach spaces. 

(3) For finite dimensional E and F it is shown in 34 that the connect- 
ing mappings are nuclear. For infinite dimensional E the connecting map- 
pings in C^'^'^E D K,F) ^ lu^^^^C^^E D K,F) cannot be compact, since 

{(. E' : < 1} is bounded in C^' {E D K,M.) for each p > 1. In fact 
||£||o = sup{|f(x)| ■.x(^K}< sup{||a;|| -.xcK), ||£||i = p|| < 1 and = for 

m > 2. Moreover, [R^if = for n fc > 1 and (i?°^)°(a;) = l{x - y). It is not 
relatively compact in these spaces, since it is not even pointwise relatively compact 
in C{K,L{E,M.)). 

In order to show that the (LB)-space in (3) is compactly regular it suffices by 
PSI Satz 1] to verify condition (M) of [30]: There exists a sequence of increasing 
0- neighborhoods J7„ C [E D K,F), such that for each n there exists an m > n 
for which the topologies of C^{E D K, F) and of C^{E D K, F) coincide on [/„ 
for all k > m. 

For p' > pwe have ||/||p' < ||/||p. So consider the e-balls C/f (/) := {g : ||.g-/||p < e} 
iiiC^{E2K,F). 

It suffices to show that for p > 0, pi := 2p, p2 > pi, e > 0, and f £ Ui -.^ t^f (0) 
there exists a 6 > such that C/f (/) n [/f C Since / e C/f we have 

ll/lln < n!p"M„ and |||/|||„^fc < (n + fc + l)!p"+'=+iil/„+fe+i for aU n,k. 

W 2 "''^"^ u .- c y — ^ 

hWn < n!p"M„ for aU n, 
\\9-f\\n < 6n\p^M,, for aU n, 

|||5llln,fe< (n + fc + l)!p"+^-+iM„+fc+i for all n, fc, 
1 - /llln.fe <S{,n + k + ly.p^+'^+HU+k+i for all n, k. 



Let 2^ < f and 5 := e . Let 5 e C/f (/) n [/f , i.e.. 



Then 



and 



< !l.9lln + ll./lln < 2n!p"Af„ = 2n!p'/Af„ ^ 

< e n!pi M„ for n > iV 

\\g- fWn < Snlp^Mn < enlp'lMn for n<N. 



Moreover, 

|||ff-/|||n,fc < lllffllU,fe + |||/|||n,fc < 2(n + fc+l)!p"+'=+lM„+fc+i 

= 2{n + k + l)!p^^+iM„+,+i 

< e (n + fc + l)!p5'+'^+iAf„+fe+i for n + fc + 1 > iV 
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and 

|||5-/llln,fe < 5(n + fc + l)!pr'+'Af„+fc+i 

<e{n + k + iy.p'l+''+Hln+k+i for n + fc + 1< TV. 

(4) This is obvious; they are projective limits of complete spaces. 

(5) Since j°°\K : C^piU,F) Cf{E D K,F) is by definition a well-defined 

continuous linear mapping, it induces such mapping s d^^\u,F) C^^^^E D 
K,F) and lim^ c]^^' ([/, F) ^ lim^C[*^l(i; 3 K,F). The last mapping is obvi- 
ously injective (use K :— {x} for the points x £U). 

Conversely, let G C {K , L^y^{E , F)) be given, such that for each K there 
exists p > (each p > 0) we have (/|-)fceN G Cp\E D K,F) and such that 
IkW' = Ik'- They define an infinite jet if^)keN e J°°(t/,F) by /''{x) := ff^^{x) 
which satisfies f'^lx = Ik fo'" all fc € N and all K . 

We claim that /° £ C°°{U,F) and {fY'''> = for ah fc, i.e., = (/|.)fc 

for all fc e N and all K. 

By ^22] 5.20] it is enough to show by induction that d'^f'^{x) — f^{x){v, . . . ,v). For 
fc = this is obvious, so let fc > 0. Then 

d.V"(x):^lim-^-~^^°(- + ^-)-'^"-^^°(-) 

- lim /''"H2; + tw)(i;''-i) -/'=-i(a;)(w'=-i) 
t->-o t 

= Im ^^^^^ + f {x){v^) = f {x){v^)- 

Finally, /° defines an element in lim^ c|^' (C/, F), since Vif we have G 
C^[piU,F) = {g e C°°(C/,F) : j°°ff|A'Vcf (F D /f,F)} for some (aU) p > 0. 

That this bijection is an isomorphism follows, since the seminorm || \\k,p on 

C^^p(U, F) is the pull-back of the seminorm || \\p on C^^E D K, F). ' □ 

4.3. Spaces of Denjoy Carleman differentiable mappings between conve- 
nient vector spaces. For convenient vector spaces E and F, and c°°-open U C E, 
we define: 

Cl'^\u, F) := {/ e C°^(U, F) : VB V compact K C U D Eb Vp > : 

| /^ \x){vi,...,Vk) .j^^^^^^j^^ ii^.n < ig bounded in f] 
fc! p*^ Affc J 

= |/ e C°°{U,F) :VBV compact C [/ n Fs Vp > : 

"^fcl^^M • ^ *^ ^' 2^ ll^lls < 1} is bounded in f|, and 
CI^'^{U, F) := |/ e C°°(C/, F):yBy compact C t/ n Fs 3p > : 

^"^"^il^^^W^^^ : fc eN,a;e < l} is bounded in f} 

= |/ e C°°(t/, F) : VB V compact C [/ n Fs 3p > : 
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{ ^fJkM : e N,x G if, IIwIIb < 1} is bounded in 

Here B runs through ah closed absolutely convex bounded subsets in E, and Eb 
is the vector space generated by B with the Minkowski functional ||w||_b = inf{A > 
: V G XB} as complete norm. For Banach spaces E and F obviously 

CI^'^\U,F) = C^^^HU,F). 
Now we define the spaces of main interest in this paper: 

C^'''^\U,F) e C°°{U,F) -.ye e F* VB : £o f oiB e C^^-^l (C/s , ») } , 

where B again runs through all closed absolutely convex bounded subsets in E, the 
mapping : Eb — ^ E denotes the inclusion of Eb in E, and Ub '■— is^iU). It will 
follow from 14.41 and 14.51 that for Banach spaces E and F this definition coincides 
with the one given earlier in 14.11 

We equip C^^\U,F) with the initial locally convex structure induced by all 
linear mappings 

Then C[*^l(f7,F) is a convenient vector space as c°°-closed subspace in the product 
B (C^s, K), since smoothness can be tested by composing with the inclusions 
Eb ^ E and with the £ € F*, see ^ 2.14.4 and 1.8]. This shows at the same 
time, that 

d'^^\U,F) = e F'^ -.Vie F*yB : iofoiB € C'*^! (C/s, M)}. 

4.4. Lemma (C'-*''^' = cj^^^^). Let E, F be convenient vector spaces, and letUCE 
be c°°-open. Then a mapping f : U ^ F is C^^^^ (i.e., is in C^^\U,F)) if and 
only if f is cj^^'^^ . 

Proof. Let / : ?7 — > F be C°°. We have the following equivalences, where B runs 
through all closed absolutely convex bounded subsets in E: 

f e C'^^'^\U,F) 

^\/leF* VB Vif C Ub compact Vp > : 

a£of)i^){x){vi,...,vu) 



X e K,k gN, \\vi\\B < l| is bounded in : 



ix){vi,...,Vk) .^^ ken,\\v,\\B <l]) is bounded in 



I p*^ fc! Mk 

yByK C Ub compact Vp > e F* : 

■f(^ Hx){Vi,... ,Vk) 

k\ Mk 

<^ VB yK C Ub compact Vp > : 

f /W(x)(z;i, .,z;fc) j^^fcg i^ji^^ii^ < i| is bounded in F 

L p"= k\ Mk i 

^fecf'\u,F) □ 

In the Roumieu case C'^*^'' the corresponding equality holds only under addi- 
tional assumptions: 
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Ap^c U e F* : -^^ _^ ^' < C for all a; G if, fc G N, < 1 



4.5. Lemma (C'f^^^ = Cj{*^^). Let E, F he convenient vector spaces, and letU C E 
be c°°-open. Assume that there exists a Baire vector space topology on the dual F* 
for which the point evaluations evx are continuous for all x F. Then a mapping 
f -.U-^F is C^^> if and only if f is C^^'^ . 

Proof. Let B be a closed absolutely convex bounded subset of E. Let K be 
compact in Ub- We consider the sets 

|(£o/) W(x)(z;i,. ..,t;fc)| 
A:! Mfe 

which are closed subsets in F* for the given Baire topology. We have (Jp c ^pfi ~ 
F*. By the Baire property there exist p and C such that the interior int(Ap_c') of 
Ap^c is non-empty. If £o £ int(Ap^c;), then for each £ £ F* there is a (5 > such 
that S£ £ mt{Ap,c) — £o, and, hence, for all /c e N, x G K, and llwiUs < 1, we have 

|(£o/)W(x)(^;l,...)|<i(|((<5£ + £o)o/)W(:r)(^;l,...)| + |(4o/)W(a:)K,...)| 
So the set 

f f^'''){x){vi,...,Vk) ^j^.^K^ll II 

is weakly bounded in F and hence bounded. Since B was arbitrary, we obtain 
f£Cj;''\u,F). 

(<^=) is obvious. □ 
The following example shows that the additional assumption in 14.51 cannot be 
dropped. 

4.6. Example. By [35l Thm. 1], for each weakly log-convex sequence M = (Mfc) 
there exists / £ C{^>(R,M) such that |/('=H0)| > klMk for all k £ N. Then 
(7 : — >■ R given by g{s,t) = f{st) is C^^^ , whereas there is no reasonable 
topology on C^*^>(R,R) such that the associated mapping : R ^ C^^^>(R,R) 
is Cj;^^\ For a topology on C"f*^''(R,R) to be reasonable we require only that all 
evaluations evt : are bounded linear functionals. 

Proof. The mapping g is obviously C'f*^^. If were cl;^^\ for s = there existed 
p such that 

I klp'^Mk i 

was bounded in (7^*^^ (R, M). We apply the bounded linear functional evf for t = 2p 
and then get 

\{9''Y'H0)i2p)\ ^ (2p)^|/W(0)| ^ , 
k\p^Mk k\p^Mk ~ ' 

a contradiction. □ 

This example shows that for C^^^^ one cannot expect cartesian closedness. Using 
cartesian closedness [Ol and ISH this also shows (for F = C^*^}(M,R) and [/ = M = 
E) that 

CI'''\U,F) D fl C^,^'\unEB,Fv), 

B,V 
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where Fv is the completion of F/py^ (0) with respect to the seminorm pv induced 
by the absolutely convex closed 0-neighborhood V. 

If we compose 5^ with the restriction mapping (inclpj)* : C^*^^(R, M) — > := 
HtgN ^' t'^sn we get a -curve, since the continuous linear functionals on R 

are linear combinations of coordinate projections ev^ with t E N. However, this 
curve cannot be cj^^^ as the argument above for t > p shows. 

4.7. Lemma. Let E,F be Banach spaces, U C E open, and f : U F a C°°- 
mapping. The following are equivalent: 

(1) / 

(2) For each sequence (rk) with r^ Q for some p > and each compact 



K CU, the set 

r/W(a)(«i,...,i;fe) 



rk -.ae K,ke'N,\\v4 < l} 



I klMk 
is bounded in F. 

(3) For each sequence (rk) satisfying rk > 0, rkri > rk+t, and rk p^ — >■ for 
some p > 0, each compact K QU , and each 5 > Q, the set 



is bounded in F . 
Proof. (1) (2) For [rk) and K, 







/('=)(a) 




kl Mk '^'^ 


F) 


fc! Mk 


L>=(E,F 



L''{E,F) 

is bounded uniformly in fc g N and a £ K (bv l4.4p . 

(2) ^ (3) Apply (2) to the sequence {rkS''). 

(3) (1) Let Ok supjjg^ II Mk \\l*'(e,f)- By the following lemma, the Ok are 
the coefficients of a power series with infinite radius of convergence. Thus Ok / is 
bounded for every p > 0. □ 

Lemma. For a formal power series X]fc>o '^^t'^ ^^'^ '^^'^^ coefficients the following 
are equivalent: 

(4) The radius of convergence is infinite. 

(5) For each sequence (rk) satisfying rk > 0, rkrg > rk+e, and rk p'^ — > for 
some p > 0, and each 5 > 0, the sequence {akrk5^) is bounded. 

Proof. (4) =4> (5) The series ^akrkS'^ = ^{ak{^Y)rkP^ converges absolutely for 
each 5. Hence [akrkS^) is bounded. 

(5) (4) Suppose that the radius of convergence p is finite. So Iflfeln*^ — 00 
for n > p. Set rk ~ l/n'^. Then, by (5), 

afen^-2'= = aferfcn2'=2'= = akrk{2n^)'' < C, 
for some C > and all fc. Consequently, |afe|n'^ < C a contradiction. □ 



4.8. Lemma. Let E,F be Banach spaces, U E open, and f : U ^ F a C 
mapping. The following are equivalent: 

(1) / isc^^'^ ^cl"K 



00 
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(2) For each sequence (rk) with ^ Q for all p > 0, and each compact 

K CU, the set 



■f('^^ia){v,,...,Vk) 



klMk 



rk -.aG K,keN,\\v^\\ < l} 



is bounded in F. 

(3) For each sequence (r^) satisfying Vk > 0, VkVi > rk+i, and rk p'^ 
all p > 0, and each compact K <Z U , there exists 6 > such that 



for 



klMk 



is bounded in F. 
Proof. (1) (2) For K, there exists p > such that 



f^'Ha) 




f(^){a) 


kl Mk '^'^ 




k\ Mk 



Li'(E,F) 



FkP 



is bounded uniformly in fc G N and a £ K (bv l4.5p . 

(2) (3) Use (5=1. 

(3) ^ (1) Let ak := sup.^K W^wM^-WlHe.f)- Using [H 9.2(4^1)] these are the 
coefHcients of a power series with positive radius of convergence. Thus Ok/ p^ is 
bounded for some p > 0. □ 

4.9. Definition (Banach plots). Let be a convenient vector space. 
(Banach) plot in E is a, mapping c : D ^ E oi class Cl^l , where D = oF is the 
open unit ball in some Banach space F . 

4.10. Theorem. Let M — {Mk) be log-convex. Let U C E be c°°-open in a conve- 
nient vector space E, let F be a Banach space, and let f : U ^ F be a mapping. 
Then: 

f e Cl^^l (U, F) =^ foce C[*^l , for all C^^'^^ -plots c. 

Proof. We treat first the Beurling case C*^*^-' : We have to show that / o c is C^*^^ 
for each C*^*^^-plot c : G ^ D ^ E, where D is the open unit ball in a Banach space 
G. By (|4.7I 3). it suffices to show that, for each sequence (r^) satisfying rk > 0, 
fkri > rk+i, and i*^ — >■ for some t > 0, each compact K C D, and each S > 0, 
the set 

r(/oc)«(a)(z;i,...,^;fe)„ .fc 



(1) 



klMk 



■rk5^ ■.aeK,ken,\\v4G < l} 



is bounded in F. 

So let 5, the sequence {rk), and a compact (and without loss of generality convex) 
K ^ Dhe fixed. For each I e E* the set 



(2) 



(foc)W(a)(i;i,...,t;fe) 
k\Mk 



rk {25)'' : a e K,k en,\\vi\\G <l} 



is bounded in R, by (|4.7I 2) applied to the sequence (rfc(2(5)'^). Thus, the set 
rcW(a)(wi,...,Wfe) 



k\Mk 



■rk (2(5)'= :aeif,fceN,||w,;||G < l} 
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is contained in some closed absolutely convex bounded B of E and hence 

\\c^''Ha)\\LHG,Es)rkS'' ^ 1 

Furthermore c : K Eb is Lipschitzian, since 

c{x) - c{y) ^ f c'{y + t{x - y)) {x ^y)dte ^'^^'f "/"^ B, 
Jo 2 ri d 

and hence c{K) is compact in Eb- By Faa di Bruno's formula for Banach spaces 
([7] for the 1-dimensional version, fc > 1) 

QiH \-aj=k 

where sym denotes symmetrization, and by (|2.1I 4). for a £ K and k G N>o, for 
p ■= ^ there exists a constant C > such that 

(4) W^-l^^rkA 

^ ' II klMk IIl^-(g,f) - 

<Vm^' V ll/^^'Hc(«))||L.(i;^,f) fr ||c("')(a)HL°,(G,i;,)r„,J"- 
J>1 aeN^o V ' ' = 1 



aiH haj=fc <Cp3 <l/2°! 

^ E ( ■ : J) - + Afi 1 < ^, 



as required. 

Let us now consider the Roumieu case C^^^^: Let c : G D D ^ E he a, C^^'^^- 
plot, where D is the open unit ball in a Banach space G. We have to show that 
foe is C^^^\ By (|4.8I 3). it suffices to show that for each sequence (r^) satisfying 
Tfc > 0, rkri > rk+e, and r^t^ ^ for all t > 0, and each compact K C D, there 
exists 5 > such that the set (1) is bounded in F. 

By (|4.8I 2) (applied to (rfe2'') instead of (r^)), for each £ £ E* , each sequence 

(rfc) with rfc i*^ — ^ for all t > 0, and each compact K C D, the set (2) with S — 1 

is bounded in M, and, thus, the set (3) with (5 = 1 is contained in some closed 

absolutely convex bounded subset B of E. Computing as above we find that, for 

some p > and C > and S := -jzfjj^, the lefthand-side of (4) is bounded by 

c Ah P ' n 

l+Mi p ■ '-' 

4.11. Theorem (Cl^^l is a category). Let M = {Mk) he log-convex. Let E,F,G be 
convenient vector spaces, U C E , V C F be c°°-open, and f '■ U F , g :V ^ G, 
and fiU)CV. Then: 

Proof. By Definition 14.31 we must show that for all closed absolutely convex 
bounded B Q E and for all £ £ G* the composite £o go f oib : Ub — >M belongs to 
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f oig log 

By assumption, f oi^ and £og are C^^^l. So the assertion follows from Theorem 
I4l0l □ 

5. The exponential law 

5.1. Lemma. Let E be a Banach space, and U Q E be open. Let F be a convenient 
vector space, and let S be a family of bounded linear functionals on F which together 
detect bounded sets (i.e., B Q F is bounded if and only if £{B) is bounded for all 
£eS). Then: 

f e Cl^^l {U,F) £of e C[*^l ([/, R), for all £ £ S. 

Proof. For C°°-curves this follows from [22, 2.1 and 2.11], and, by composing with 
such, it follows for C°°-mappings f : U ^ F. 

In the Beurling case C^*^); By|4Jl for £e F*, the function £o / is C^*^) if and 
only if the set 

is bounded, for each sequence (r^) with p'^ — > for some p > and each compact 
K (-U . So the smooth mapping f : U F is (7'^^^ if and only if the set 

■f('^Ha){v,^.,Vk) 
h 

is bounded in F. This is in turn equivalent to ^ o / g C'*^*^-' for all £ £ S, since S 
detects bounded sets. 

The same proof works in the Roumieu case we use l4.8l and demand that 

rkp^ ^0 for aU p > 0. □ 

5.2. Theorem (Cartesian closedness). We have: 

(1) Let M — (Mk) be weakly log- convex and have moderate growth. Then, for 
convenient vector spaces Ei, E2, and F and c°°-open sets Ui C Ei and 
U2 Q E2, we have the exponential law: 

f e C'[*^l(C/i X U2,F) ^ e c[*^l(C/i,c[*^l(C/2,F)). 

The direction (<^=) holds without the assumption that M — (Mk) has mod- 
erate growth. 

(2) Let M = (Mk) be log-convex and have moderate growth. Then the category 

ofC^M] 

-mappings between convenient real vector spaces is cartesian closed, 
i.e., satisfies the exponential law. 

Note that Cl*^! is not necessarily a category if M — {Mk) is just weakly log- 
convex. 

Proof. (2) is a direct consequence of (1) and Theorem 14. Ill Let us prove (1). We 
have C°°{Ui x U2,F) = C°°{Ui,C'^{U2, F)), by ^22, 3.12]; thus, in the following 



(2) { ^^"^^;^;,---'^^-^ .:«€x,fc€N,iM<i} 
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all mappings are assumed to be smooth. We have the following equivalences, where 
B C Eix E2 and Bi C Ei run through all closed absolutely convex bounded subsets, 
respectively: 

■^VieF* VB-.tofoiB e C[*^l((C/i X C/2)s,M) 

^y£eF* yB,,B2 : iofo{is^ x is,) G d*'^! x (C/2)b,,M) 

For the second equivalence we use that every bounded B C Ei x E2 is contained 
in Bi X B2 for some bounded Bi C Ei, and, thus, the inclusion {Ei x -©2)5 
{Ei)bi X {Ei)b2 is bounded. 
On the other hand, we have: 

r eCM(C/i,c[^^l(C/2,F)) 

■^WeF* Vi?i,i32 : C^''HiB,J)orotB, e C7[^^1(([/i)s,,CM((;72)b„K)) 

For the second equivalence we use 15.11 and the fact that the linear mappings 
C[*^l(z_B2,^) generate the homology. 

These considerations imply that in order to prove cartesian closedness in general 
we may restrict to the case that Ui C Ei are open in Banach spaces Ei and F = K. 

(^) Assume that M = (Mk) has moderate growth. Let / e C^^^^{Ui x t/2,IR). 
It is clear that takes values in C*!*^! (C/2, M). 
Claim. : [/i ^ Cl^^l (t/2, R) is C°° with = {d{fY . 

Since C[^^1(C/2,K) is a convenient vector space, by |22i 5.20] it is enough to show 
that the iterated unidirectional derivatives dif'^{x) exist, equal d{f(x, )(«-'), and 
are separately bounded for cc, resp. w, in compact subsets. For j = 1 and fixed x, w, 
and y consider the smooth curve c : 1 1-^ f{x + tv,y). By the fundamental theorem 

r{x+tv)-r{x) ^ c{t) - c(o) 

{y)-{dif) {x){y)(v)^ c(0) 

= t s c" {tsr) dr ds 
Jq Jo 

= t s dff{x + tsrv,y){v,v)drds. 
Jo Jo 



Since {dl fY {Ki){oEl) is obviously bounded in C'*^' (C/2, IR) for each compact sub- 
set Ki C Ui this expression is Mackey converg ent to in CM(C/2,R), for t 0. 
Thus dyf^{x) exists and equals ){v). 

Now we proceed by induction, applying the same arguments as before to 
{dirr ■■ {x,y) ^ dif{x,y){vi) instead of/. Again {dUdirYY {Ki){oEl) = 
{d(~^^ fY {Ki){oEi,oEi,v, . . . ,v) is bounded, and also the separated boundedness 
of diY^{x) follows. So the claim is proved. 

We have to show that f : Ui ^ C[*^1(C/2,M) is Cl*^!. 
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In the Beurling case C^*^^ : 



(3) 



lim^ C^UE2DK2,] 



-P2 



By EH it suffices to show that : Ui ^ C^l{E2 2 K2,^) is C^^^^ = C^*^) (see 
44]) for each compact isr2 C and each p2 > 0, since every i e C^^^ ([/2, R)* 



factors over some {E2 3 iir2,M). That means we have to prove that, for aU 



compact Ki <Z Ui, K2 U2 and all pi,p2 > 0, the set 



(4) 



xi € Ki,ki e N, 



is bounded in Cp^{E2 ^ iir2,M), or, equivalently, for all Ki,K2,pi,p2 the set 



(5) { 



d^^dt^fixuX2){vl...,vl;vl...,vl) 
k2\k^\p\' p\'Mk,Mk, 



X, e K,,h e n,\\v]\\E^ < 1} 



is bounded in R. 

Since M = (M^) has moderate growth, i.e., Mi^^^^^ < a^^'^^^Mi^^M^^ for some 
cr > 0, we obtain, for Xi G i^i, fci € N, and Ht'jllBi, 



(6) 



d^^r{x,){vi...y,^) 



K2,P2 



< sup 



kilp^i'Mk, 
\d',^d'[^fix,,X2){vl...,vl;vl...,vl)\ 
k2\k^\pl^ p\'Mk,Mk, 
k,+k2 \dtd','fixux2){vl...;vl...)\ 



•{ 

{(2a) 



X2 e 1^2,^2 e N, 



(fci + fe)!pt^ P2'Mfci+fe. 
If for given pi,p2 > we set p ■— minjpi, P2}, then (6) is bounded by 
\d!^^d^,^f{x,,X2){vl...;vl...)\ 



v]\\e2 < l}- 



(7) sup {I 



(fci +fc2)!p''-i+'=^ Mk,+k2 
which is ffirite, since / is C'*^). Thus, is C^^'l 



X2 e i^2,fc2 e < 1} 
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In the Roumieu case 



(8) 



liS,,C'pf(^^2 3i^2,] 



ByO it suffices to show that : Ui ~> hm C^^{E2 3 K2,M) is C^^'^^ C 



P2 



(jl^} gach compact K2 C U2, since every £ e C^*''^>(J72,K)* factors over some 
lin^^ (i?2 3 K2,M.). That means we have to prove that, for ah compact Ki C Ui 
and K2 C ;72 there exists pi > 0, such that the set (4) is bounded in lin^^ C*^ {E2 5 
if 2, IR)- For that it suffices to show that for all Ki, K2 there are pi, p2 with the set 
(5) bounded in R. 

Since / is C'^*^^, there exists p > so that the set (7) is finite, by (|4.2I 3V If we 
set pi :== 2crp, then (6) is bounded by (7). It follows that is C^^^^. 

(<^) Let : Ui ^ C[^^1(J72,K) be C^^''\ By Proposition O : [/i -> 
CM(C/2,K) ^ C°°(C/2,K) is C°° and so it remains to show that / e C^^'^\Ui x 
C/2,M). 

In the Beurling case C^*^^: Consider diagram (3). For each compact K2 C U2 
and each p2 > 0, the mapping f : Ui ^ C^i{E2 ^ K2,W) is C^*^) = C^^\ That 
means that, for all compact Ki C Ui, K2 C [/2 and all pi,p2 > 0, the set (4) 
is bounded in (S2 2 K2,^). Since it is contained in Cj^2,P2 (^2, R) = {.g e 
C°°(C/2,M) : e C*/(i?2 3 X2,M)} and Mk^.p^ = llj^skllp^, it is also 

bounded in this space, and hence the set (5) is bounded. 

Since M — (Mk) is weakly log-convex, thus, ki\ k2\ Mk^Mk2 < (^1 + ^2)! -^ifei+fca; 
we have, for xi £ Ki, ki £ N, and llfjUsi, 



(9) 



d''^r{x,)ivi...,vi) 



= sup 



kilpTMk, 
|9^-=afV(xi,X2)K,. ..,01 



felfcilp^-^ p^^Mfe.Mfe, 
^k2 afci „ . 2 



> sup 



2:2 e if2,fc2 e N,||t;||U, < 1} 

I /, ■ M fci k2 .J G K2,k2en,\\v^\\E, < 1|. 

(fcl + fc2)!pi' P2^fci+/C2 J 

This implies that / is C^^'^K 

In the Roumieu case C^^^^: Consider the diagram in (8). For each compact 
K2CU2, the mapping : C/i ^ lim C^' (E2 ^ K2,R) is C'^^'\ The inductive 

limit is regular, by (0213). So the dual space (In^p^ (-E2 3 K2,M.))* can be 

equipped with the Baire topology of the countable limit ^im^ {E2 ^ K2,S.)* of 

Banach spaces. Thus, the mapping f : Ui ^ Ih^^^ C'pf (^^2 3 K2,R) is C•^^^^^ by 
Lemma [4?5] By regularity, for each compact Ki C Ui there exists pi > so that the 
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set (4) is contained and bounded in Cp^{E2 ^ K2,M.) for some p2 > 0. Since this 
set is contained in Cf^^^^ (C/2, R) - {g G C°°(t/2,M) : j°°g\K, e C^f {E2 3 K2,R)} 
and ||(7||a:2,p2 — I|j°°ffl-Rr2llp2! is also bounded in this space, and hence the set (4) 
is bounded. Then (9) imphes that / is C^^\ The proof is complete. □ 

5.3. Remarks. Theorem l8.2l below states that, if M = (Mk) is (weakly) log-convex, 
E, F are convenient vector spaces, and U C E is c°°-open, then 

(1) C^^''HU,F)^]^C'-^^U,F) 

L 

as vector spaces with homology, where the projective limits are taken over all 
(weakly) log-convex L — (Lk) with M <i L. Using this equality we can give an 
alternative proof of the direction 

/V £ c^*^>({/i,C{^^}(C/2,F)) ^ / e Ci^'Hu, X U2,F) 

in as follows: If e C^^^> (?7i, C^*^> (f/2, i^)) then e C<-^'){Ui,C^^'^{U2,F)) 
for all L = (Lk) with M < L, by (1). By cartesian closedness 15.21 of C^^^ (the 
implication which holds without moderate growth), we have / G C^^^{Ui x U2,F) 
for ah L, and, by (1) again, / e C^*^>(C/i x C/2,F). 

The proof of (1) in 18.21 uses the C^'^^^ uniform boundedness principle 16.11 and 
the proof of the latter uses completeness of the inductive limit lim^ ^ [E D K,F), 
where E, F are Banach spaces and K C E is compact, see Proposition 14.21 Here is 
a direct proof of (1), where we only assume that AI — [Mk] is positive: 
The spaces coincide as vector spaces by Definitions 14.11 14.31 and by Theorem 12.41 
For K compact in a Banach space E and p > 0, the inclusion Cp^ {E D iiT, R) ^■ 
Ca{E 3 i^T, R) is continuous for all tr > if M <] L. It follows that the inclusion 
Xy^^C^^E D A',R) ^^Cl;{E D A',R) is continuous. This implies that the 

inclusion C^*^^([/, F) — > C'^^^U, F) is continuous (by definition of the structure in 

WM- 

Conversely, let S be a bounded set in ^im^ C'^^ (J7, F), i.e., bounded in each 
C'^^\U,F). We claim that B is bounded in C^^^>(t/,F). We may assume with- 
out loss of generality that F is a Banach space and F — M. (by composing with 
CW(jB,^)). Let AT C f/ be compact and bk := sup{|| j°°/|K||fc : f & B}. For 
all L — {Lk) with M < L the set B is bounded in C'^^\U,F) by assumption, i.e., 
{hk)k e r\L-^^^^ ^ J"'*^'' by Theorem From this follows that B is bounded in 
C\^^(U,F) and by (|H5) also in C^^^>(C/,F). 

Note that this independently proves that C^^^''(C/, F) is c°°-complete since so is 
^m^ C^-^\U, F). Moreover, it provides an independent proof of the regularity of 
the inductive limit involved in the definition of C'f^^''(C/, F) if E and F are Banach 
spaces (cf. 14.21 and the remark in 18. 7p . 

5.4. Example (Cartesian closedness fails without moderate growth). Let us assume 
M — {Mk) is weakly log-convex and has non-moderate growth (for instance, Mk = 
q''\ q>l, see [35, 2.1.3]). Then 

(1) there exists an f E C{*^>(R2,R) such that : R ^ C^*^>(R,R) is not 

(j{M} _ 

(2) there exists a weakly log-convex N — {N^) with M <\ N and an f E 
C(^) (R2 , R) such that / ^ : R ^ C'^) («> ^) ™t C^^^ . 
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Proof. (1) In 35, Thm. 1] there is constructed a function g e C^^^^ {M,C) such 
that |(7''^''(0)| > k\ Mfe for all k. By setting g := Ke g + Img, we obtain a function 
g e C<^>(M,M) such that g'^''\0) = Ig^^'HO)] > k\ Ah for all fc, see [33l 3.1.2]. By 
defining f {s,t) := g{s + t), we have found / S C{*^^(R2^R) with 

5"/(0,0) > |a|!Af|„l for ah a eN^. 

Since M = (Mfe) has non-moderate growth, there exist jVi oo and fc„ > such 
that 



\Mk„Mj^J 



> n. 



Consider the linear functional i : C'f*^^(M,R) R given by 
This functional is continuous, since 



g'-'-'W |g^^"'(0)l P^" Ml II 



for suitable p, where 



for all p. But ^o/^is not C^*^}, since 

1 /(J'"^")(0,0) 

> sup —r — — — 

> sup -t:^ ■ — — — ^— > sup ■ 



n p^" A:„! j„! Mfc^ Afj„ n^" n pj^" n-'" 
for all pi > 0. 

(2) By 18.21 we have for E, F convenient vector spaces and U C E a, c°°-open 
subset 

(3) C^^^^HU,F) = p|C(^)(C/,F), 

AT 

where the intersection is taken over all weakly log-convex iV = (Nk) with M <l A''. 
Let / be the function in (1). By (3), there exist weakly log-convex sequences 
= (Nl), i = 1,2, with M <iN' such that : R ^ C(^')(R,R) is not C^^'). 
By the lemma below there exists a weakly log-convex sequence N = {Nk) such that 
M < N < for i = 1,2. Since / G C(^)(IR^I^) by (3), the mapping has 
values in C'^Hl^^IR) and thus factors over the inclusion C(^)(I^>I^) ^ C(^2)(R,R) 
which is obviously continuous. It follows that : R ^ C(^)(R,R) is not C^^'^ 
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and consequently not C^-^\ 

fVrf^(ivl) 

c(^Hm, m) 

Bv l5.21 = (A'^i:) has non- moderate growth. □ 

Lemma. Let M = (Mk), — (Nl), i ~ 1,2, be weakly log-convex with M < 
for i ~ 1,2. Then there exists a weakly log-convex sequence N = (Nk) such that 
M <iN < N' fori = 1,2. 

Proof. Set N = (Nk) := imm{Nl,Nl}) and N = (Nk), where (klNk) is the log- 
convex minorant of {k\Nk). Note that Nq = 1 < Ni. Since M = (Mk) is weakly 
log-convex, we have M < N < N < N^, and M <\ implies M <\ N . It remains 
to show that M < N. 

We claim that C^l^^^i (^f^^ I^) = C'giIbai(IK' 1*)' where for a sequence L = (Lk) E 
{R>o f we set 

cSbai(K.K) := {/ e C-(M,M) : (sup G 

In the Roumieu case this a theorem due to Cartan and Gorny, see [HI IV E]; the 
same proof with obvious modifications yields the Beurling version, i.e., the claim. 

Now M<N implies C dJ!ljR,R) - The func- 

tion g in (1) is actually an element of C'g[^!^[(M, R), see [35l Thm. 1]. Thus 
g e C^|^bai(l^' ^) and therefore M <lN. □ 

5.5. Corollary (Canonical mappings). Let M = (Mk) be log-convex and have mod- 
erate growth. Let E, F , etc., be convenient vector spaces and let U and V be c°°- 
open subsets of such. Then we have: 

(1) The exponential law holds: 

^,[M] ^jj^ fj[M] ^y^ ^ ^[M\ ^ y^ 

is a linear C^^^^ -diffeomorphism of convenient vector spaces. 
The following canonical mappings are C^*^' . 

(2) ev:CM(C/,F)x[/^F, ev(/, x) = /(x) 

(3) ins : E C^"'^ [F, E x F), ms{x){y) = {x, y) 

(4) ( )^ : C[*^l {U, {V, G)) ^ {U x V, G) 

(5) ( Y : Cl*^l {U y.V,G)^ C^*^! {U, C^^'^ {V, G)) 

(6) comp : Cl^^l (F, G) x C^^'^ (U, F) ^ Cl^^l (U, G) 

(7) ( , ) : [F, Fi) X C^^'^ {E^,E) ^ C^^'^ (c^ {E, F), C^^'^ {Ei,F^)^ 
if,9) ^ {h ^ fohog) 

(8) ^^^^"'''(^-^^)^^"''(^^-^^^ 
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Proof. This is a direct consequence of cartesian closedness 15.21 See [Ml 5.5] or 
even [22l 3.13] for the detailed arguments. □ 

6. Uniform boundedness principles 

6.1. Theorem (C*!*^' uniform boundedness principle). Let E, F, G be convenient 
vector spaces and let U C _F be c°°-open. A linear mapping T : E C^^^\U^G) is 
bounded if and only if ev^ oT : E ^ G is bounded for every x £ U . 

Proof. (=>) For x e U and £ e G*, the linear mapping ioev^ = C^^'\x,i) : 
C[*^l([/, G) ^ M is continuous, thus evx is bounded. Therefore, if T is bounded 
then so is ev^; o T. 

{<=) Suppose that ev^ o T is bounded for all x £ U. By the Definition 14.31 
of C[^^l([/, G) it is enough to show that T is bounded for Banach spaces E, F, 
and G = R. By Definition O G[^^1(J7,R) = lim^G[^^l(F D K,m.), by K2\2). 

C(^^){F D K,R) is a Frechet space, and by g2l3), G^'^'^^F D K,R) is an (LB)- 
space, so C^-'^^F D K,R) is webbed and hence the closed graph theorem 22, 52.10] 
gives the desired result. 

E —-^ ^ G[*-^l {U, R) — ^ M 

(1) (cv.)» 

lim^ Gl^^l [F D K, R) ^ C^M] ^ 

□ 

6.2. Remark. Alternatively, the G'^*^^ uniform boundedness principle follows from 
the G*-*^^ uniform boundedness principle and from the remark in 18.21 since the 
structure of G^^'^^ {U, F) — l^m^G'^^^ {U, F) is initial with respect to the inclusions 
lim ^ (7(^) ([/^ ^7') _^ G'-'^-' ([/, F) for all L. This is no circular argument, since the first 
identity in 18.21 was proved in 15.31 without using the uniform boundedness principle 

7. Relation to previously considered structures 

In [241 and j25j we have developed the convenient setting for all reasonable non- 
quasianalytic and some quasianalytic (namely, >C-intersectable, see 17. ip Denjoy- 
Carleman classes of Roumieu type. We have worked with a definition which is 
based on testing along curves. The resulting structures were denoted by G^ in 
[24] and [25] and will be denoted by Ccmvc in this section; this notation does not 
appear elsewhere in this paper. We shall now show that they coincide bornologically 
with the structure G^^^ studied in the present paper. Furthermore, we prove that 
the homologies induced by G^-^^ and the structure G"^ of real analytic mappings 
introduced in [21] are isomorphic; here 1 denotes the constant sequence (1). Note 
that C^^^ is not £-intcrsectable (see [351 1-8]). 

7.1. Testing along curves. Let M = (Mk) be log-convex, E and F convenient 
vector spaces, and U a c°°-open subset in E. If M — (Mk) is non-quasianalytic we 
set 

G^^^liU,F) := \^f e F" -.yie F* Vce G^'*^>(M,[/) : £o/oc e G^^^>(R,R)}. 
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If M = (Mfe) is quasianalytic and C-intersectable, i.e., J^^^^ = C\i^qc(m) -^^^^ ' 
where 

C{M) := |l = (Lfe) : L > M, L is non-quasianalytic log-convex|, 

we define 

Cj^l{U,F):= fl Cj^XMn 

LeC(M) 

Note that non-quasianalytic log-convex sequences are trivially /!-intcrscctable. For 
non-quasianalytic M = (M/c) we supply Cc^ve{U, F) with the initial locally convex 
structure induced by all linear mappings: 

Cl^J,{U,F) ^°"ve^"'^^ ) C^^>(R,R), f^lofoc, £ e F*,ce C{^>(R,t/), 
and for quasianalytic and C-intersectable M = (M^) by all inclusions 
C^^liU, F) CW,(I/, F), L e C{M). 

In both cases Cc^^dU, F) is a convenient vector space. 

Let C"^ (M, M) denote the real analytic functions / : R — >• M and set 

C'^{U,F) := {/eC°°(C/,F) :WeF* Vc e C"(]R, [/) : f o / o c e C"(M, M)}, 

where C"(R, [/) is the space of all weakly C"-curves in U. We equip C"(?7,M) with 
the initial locally convex structure induced by the family of mappings 

C"(C/,M)-£^C"(K,R), /h^/oc, ceC"(K,f/) 
C"(?7,M)^^C°°(R,R), f^foc, ceC°°{R,U), 

where C°°(R, R) carries the topology of compact convergence in each derivative 
separately, and where C"^ (R, R) is equipped with the final locally convex topology 
with respect to the embeddings (restriction mappings) of all spaces of holomor- 
phic mappings from a neighborhood V of R in C mapping R to R, and each of 
these spaces carries the topology of compact convergence. The space C^{U,F) is 
equipped with the initial locally convex structure induced by all mappings 

C"{U,F)-^C'^{U,R), f^lof, £€F*. 

This is again a convenient vector space. 

7.2. Theorem. Let M = {M^) be log-convex, E and F convenient vector spaces, 
and U a c°°-open subset in E. We have: 

(1) If M = (M/j) is C-intersectable, then 

Ci^}(U,F) = Cl^,Uu,F) 

as vector spaces with homology. 

(2) // 1 denotes the constant sequence, then 

C^^>(C/,F) = C'^{U,F) 
as vector spaces with homology. 
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Proof. (1) If M = (Affe) is non-quasianalytic, then C^^'^U,F) and C^u!l{U,F) 
coincide as vector spaces, by [531 2.8]. If Af = (Mk) is quasianalytic and C- 
intersectable, then the non-quasianalytic case imphes that 

LeC{M) LeC{M) 

as vector spaces, where the last equality is a consequence of the definition of 
CW(^U,F) (see SSI) and of [21 1.6] (applied to C^*^}([/b,K))- The fact that 
both spaces C^^'^^ (U, F) and CcmXiU, F) are convenient and satisfy the uniform 
boundedness principle with respect to the set of point evaluations, see Theorem 16. II 
and [H 2.9], implies that the identity is a bornological isomorphism. 

(2) We show first that C^^^U,F) = C'^{U,F) as vector spaces. By Definition 
14.31 and j22, 10.6], it suffices to consider the case that U is open in a Banach space 
E and F = R. 

Let / e C"([/,M). By ^^Tl 2.4 and 2.7] or 10.1 and 10.4], this is equivalent to 
/ being smooth and being locally given by its convergent Taylor series. Let K (-U 
be compact. Since the Taylor series of / converges locally, there exist constants 
C, p > such that 

(3) — < Cp , for ah a e A, K e N, 

k\ 

that is, / e C^i}([/,R). 

Conversely, for compact subsets iV" C [/ on affine lines in E the condition (3) implies 
that the restriction of / to each affine line is real analytic and hence / G C"(C/, IR) 
by [221 10.1]. 

The homologies coincide, since both spaces are convenient and satisfy the uni- 
form boundedness principle with respect to the set of point evaluations, see Theorem 
Oand [m 5.6] or [21 11.12]. □ 

8. More on function spaces 

8.1. Proposition (Inclusions). Let M = {Mk), N = {Nk) be positive sequences, 
E, F convenient vector spaces, and U Q E a c°°-open subset. We have: 

(1) C^^^\U,F) C C7{A^}([/,F) C C°°{U,F). 

(2) // there exist C, p > so that < Cp^N^ for all k, then 

C(M) (f/^ ^) c C(^) (C/, F) and C^^^^ (C/, F) C C^^^ ([/, F). 

(3) If for each p > there exists C > so that Mk < Cp^Nk for all k, i.e., 
M < N, then 

C^M}(^U^F) C C(^)(C/,F). 

(4) ForU ^(d and F ^ {0} we have: 

C"(t/, F) C C(*^)(C/, F) ^ Ml''' ^ oo, and 
C'^{U,F) C C<*''^>(C/,i^) ^YanMl''' > 0. 
All these inclusions are bounded. 

Proof. The inclusions in (1), (2), and (3) follow immediately from the definitions 
inOandHJland Lemma [231 Here we use that C^^^U,F) = C'^{U,F) as vector 
spaces with homology, see Theorem 17.21 
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The directions in (4) are direct consequences of (2) and (3). The directions 
(=>) follow, since they have been shown in 12.11 for E = F = M.. 

All inclusions are bounded, since all spaces are convenient and satisfy the uniform 
boundedness principle 16.11 and 22^ 5.26] for C°° . □ 

8.2. Theorem. Let M = (M^,) be (weakly) log-convex, E and F convenient vector 
spaces, and U a c°°-open subset in E. We have 

CW ([/, F) = ^ C(^) ([/, F) = ^ C{^> ([/, F) 

L L 

as vector spaces with bornology, where the projective limits are taken over all 
(weakly) log-convex sequences L — (Lfc) with M <\ L. 

Proof. The three spaces coincide as vector spaces: By Definition 14.31 it suffices to 
assume that E and F are Banach spaces, and bv 14. II and (|4.2I 5) it suffices to apply 
Theorem 12.41 to the sequence (||i°°/|K||m,)- 

Each space is convenient fsee 14.31 projective limits preserve c°°-completeness) and 
each space satisfies the uniform boundedness principle with respect to the set of 
point evaluations (sec l6.H the structure of ^rm^ C^^\U, F) is initial with respect to 
the inclusions lim^ Cl^l (C/, F) C^^\U,F) for aU L). Thus the identity between 
any two of the three spaces is a bornological isomorphism. □ 

Remark. By Remark (|2.4I 5) the statement of the theorem still holds, if M = (Mfc) 
is just a positive sequence, where the projective limits are now taken over all positive 
sequences L = (Lfc) with M <i L. 

8.3. Proposition (Derivatives). Let M = {Mk) be a positive sequence and set 
M-|_i = (Mfe_|_i). Let E and F be convenient vector spaces, and U ^ E a c°°-open 
subset. Then we have: 

(1) Multilinear mappings between convenient vector spaces are C^^^"^ if and only 
if they are bounded. 

(2) Lf f : E DU F IS C^, then the derivative df : U ^ L{E, F) is C^'^^+^\ 
where the space L[E,F) of all bounded linear mappings is considered with 
the topology of uniform convergence on bounded sets. If M^i = (Mk+i) 
is weakly log-convex (which is the case if M = (Mk) is weakly log-convex), 
also (d/)^ -.U X E F is Cl^^+^I, 

(3) The chain rule holds. 

Proof. (1) If / is C'^^l then it is smooth and hence bounded by [22l 5.5]. Con- 
versely, if / is multilinear and bounded then it is smooth, again by [221 5.5]. Fur- 
thermore, f oig is multilinear and continuous and all derivatives of high order 
vanish. Thus / is Cl*^l, by Definition 

(2) Since / is smooth, by [22l 3.18] the mapping df : U L{E,F) exists and 
is smooth. We have to show that {df)oiB : Ub L{E,F) is C^^^+il, for all 
closed absolutely convex bounded subsets B C E. By the uniform boundedness 
principle [22l 5.18] and by Lemma [5.11 it suffices to show that the mapping Ub ^ 
X ^ e{df{iB{x)){v)) e K is Cl^+il for each £ e F* and v e E. 

Since £o/ is C^^-' (resp. C^^'^^), for each closed absolutely convex bounded 
B C E, each compact K C Ub, and each p > (resp. some p > 0) the set 

H|d^(^o/o.,)(a)lU.(,,.«)^^^ . 
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is bounded, say by C > 0. The assertion follows in both cases from the following 
computation. For v € E and those B containing v we then have: 

\\d''{L{£,v)odf)oZB){a)\\L^(EnM) = ) ° («) IUh^b .») 

= \\d''+\£ofoiB){a){v,...)\\L.^Es,m 

< ||rf'=+i(£o/ozs)(a)|U.+i(B^,R)||t;||s < C {k + 1)\ p''+' Ah+i 
= Cp{{k + lf/^ptk\Mk+i < Cp{2pfk\{M+i)k 

By[831below also (d/)''is C^^^+^\ if M = {Mk) is weakly log -convex. 

(3) This is vahd even for all smooth / by [H 3.18]. □ 

8.4. Proposition. We have: 

(1) For convenient vector spaces E and F , the following topologies have the 
same bounded subsets in L{E,F): 

• The topology of uniform convergence on bounded subsets of E. 

• The topology of pointwise convergence. 

• The trace topology of C°°{E,F). 

• The trace topology of C^'^'\E,F). 

(2) Let M = (Mfe) be weakly log-convex, E, F , and G convenient vector spaces, 
and U Q E a c°°-open subset. A mapping f : U x F ^ G which is linear in 
the second variable is C^*^' if and only if f^ : U — > L{F, G) is well defined 
and C[*^l . 

Analogous results hold for spaces of multilinear mappings. 

Proof. (1) That the first three topologies on L{E, F) have the same bounded sets 
has been shown in 22, 5.3 and 5.18]. The inclusion C^'^''HE,F) C°°{E,F) is 
bounded bv 18.11 Conversely, the inclusion L{E,F) — > C^'^^\E,F) is bounded by 
the uniform boundedness principle 16. II 

(2) The assertion for C°° is true by [H 3.12] since L{E, F) is closed in C°°iE, F). 

Suppose that / is C^*^!. We have to show that /^oi^ is into L{F,G), for 
all closed absolutely convex bounded subsets B C E. By the uniform boundedness 
principle [22l 5.18] and by Lemma [5.11 it suffices to show that the mapping Ub 3 
X ^ e{f''{iB{x)){v)) = e{f{iBix),v)) e M is for each ^ e G* and w e F; this 

is obviously true. 

Conversely, let : U ^ L{F,G) be Cl^^l By (1) the inclusion L{F,G) 
Cl^^l (F, G) is bounded linear, and so : f/ ^ GI*^] (F, G) is GI*^] . By cartesian 
closedness l5.2l fthe direction which holds without moderate growth), / : [/ x F — >■ G 
is G^^^l and linearity in the second variable is obvious. □ 

Remark. We may prove e C^^^\U,L{F,G)) ^ f e C^^^^{U x F,G) without 
using cartesian closedness: By composing with £ ^ G* we may assume that G = M. 
By induction we have: 

d''f{x,wo){{vk,Wk), {vi,wi)) = d''(/^)(a;)(wfc, ■ ■ .,vi){wo) + 

k 

+ J2d'-Hr){x){vk,...,^,...,vi){w,) 

i=l 
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Thus for B, B' closed absolutely convex bounded subsets of F, respectively, 
K C Ub compact, and x € K we have: 

\\d''f{x,WQ)\\Lki^EBxFs,M) < 

k 

< . . ){wo)\\lhe,m) + E \\d'''\n{^)\\L^-HEsMFu.m) 

4=1 

< \\d''if'')ix)\\L>^(^EnMFn'.m)\\^o\\B' + k || d^^-^ (/^) (x) || ^.-i (^^ ,r)) 

< fc! Mk\\wo\\B' +kCp''-' (fc - 1)! Mk-1 ^CpH\ Mk{\\w4B' + ^) , 

for all p > and some C = C{p) (resp. for some C,p > 0), since the mapping 
L{iB',M.)o oiB : Ub ^ L{Fb',R) is C^. Since k ^ k\Mk is increasing (see 
Remarks 12.61) . we have < fc < 2^ and we may conclude that / is C^^^ . 

8.5. Let r — (r^) be a positive sequence, E and F Banach spaces, and K C E 
compact convex. Consider 



C^^^^iE ^K,F): = {(/"),„ e W C{K,LTy,^{E,F)) : ||/||(.,) < ^] 
Where : = max|sup{-MI^ : m G n}, 



I (n + k + ly. Tn+k+l Mn+k+l J 



sup-^ 

.[n + k+ 1)! r„+fe+i Mn+k+i 

If (rk) = {p'') for some p > we just write p instead of (rk) as indices and recover 
the spaces introduced in 14. II Similarly as in Proposition (|4.2I 1) one shows that the 
spaces C(Y^^(£' 3 K, F) are Banach spaces. 

8.6. Theorem. Let E and F be Banach spaces and let U ^ E be open and convex. 
Then we have 

as vector spaces with bornology. Here K runs through all compact convex subsets of 
U ordered by inclusion and (rk) runs through all sequences of positive real numbers 
for which p^ /rk for some p > 0. 

Proof. Note first that the elements of the space ^im^^ ^ C^^^^{E D K,F) are 
smooth functions f : U ^ F which can be seen as in the proof of (|4.2I 5). Bv 14.71 it 
coincides with C'^^^ (t/, F) as vector space. 

Obviously the identity is continuous from left to right. The space on the right- 
hand side is as a projective limit of Banach spaces convenient and C'^^\U,F) 
satisfies the uniform boundedness principle 16.11 with respect to the set of point 
evaluations. Thus the identity from right to left is bounded. □ 

8.7. Theorem. Let E and F be Banach spaces and letUQE be open and convex. 
Then we have 

C^*^>([/,F)= lim ClJ^){EDK,F) 

as vector spaces with bornology. Here K runs through all compact convex subsets of 
U ordered by inclusion and {rk) runs through all sequences of positive real numbers 
for which p^ jr^ — > for all p > 0. 
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Proof. The proof is literally identical with the proof of l8.61 where we replace C*^*^-* 
with C^*^} and use SH instead of|4Jl □ 

Remark. Let us prove that the identity lim^ ^ ^(k)^^ ^K,F)~> C^^^^ {U, F) 
is bounded without using [01 Let ;B be a bounded set in lim^^ , , C^^ JE 3 K,F), 

i il,(rfc) vk)^ ^' 

i.e., for each compact K and each (r^) with /rk — > for all p > the set B is 
bounded in C(*/^)(-E D K,F), i.e., 

sup{ll/kll(r,) ■■ f eB} <O0. 
Since the elements of lim C.*^ AE K, F) are the infinite jets of smooth tunc- 
tions, we may estimate |||„,/c by ||/|i<-||n+fc+i by p.ll l). and so the sequence 

satisfies supj,afe/rfc < oo for each (rfe) as above. By [251 9-2], these are the coeffi- 
cients of a power series with positive radius of convergence. Thus a^j is bounded 
for some p > 0. That means that B is contained and bounded in C^^ {E 3 K,F). 

This also provides an independent proof of the completeness of C^^^^ {U, F) and 
of the regularity of the involved inductive limit (cf . 14.21 and 15. 3p . 

8.8. Lemma. For convenient vector spaces E, F , G, and V Q F c°°-open the flip of 
variables induces an isomorphism L{E , C^^'^\V, G)) = C^^^^V, L{E , G)) as vector 
spaces. 

Proof. For / G C[*^l(^, LiE, G)) consider f{x) ev^ o / e CM(y, G) for x e E. 
By the uniform boundcdncss principle 16.11 the linear mapping / is bounded, since 
eVyof = f{y)eL{E,G) foryey. 

If conversely £ £ L{E,C^^'^^{V,G)), we consider i{y) = evyoi e L{E,G) for 
y GV. Since the homology of L{E, G) (see l8.4|) is generated by S :— {evx : x € E} 
and since ev:, oi= £{x) & Cl^^l {V, G), it follows that i : V ~> L{E, G) is Cl^l , by 
Lemma [5TT] (and by composing with all is Vb —?' V). □ 

8.9. Lemma. Let E be a convenient vector space and U ^ E be c°°-open. By 
At*^](C/) we denote the c°° -closure of the linear subspace generated by {ev^ '■ x G U} 
m CM{J7,R)' and let 5 : U ^ AM(J7) be given by x ^ ev^. Then X^'^'^U) is the 
free convenient vector space over C[*'-^l, I.e., for every convenient vector space G 
the C^^^l -mapping S induces a bornological isomorphism 

L(A[*^1(C/),G) ^ C[^^1(C/,G). 

Proof. The proof goes along the same lines as in [221 23.6] and in [TOl 5.1.1]. Note 
first that A[*^1 (U) is a convenient vector space since it is c°°-closed in the convenient 
vector space GI^^I (C/, M)'. Moreover, S is GI^^I by Ell (and by composing with all 
is ■■ Ub ^ U), since ev^oS = h for aU h G C^^'\U,m), so S* : L(AM(C/),G) ^ 
G[*^i(C/, G) is a well-defined linear mapping. This mapping is injective, since each 
bounded linear mapping \^^^^{U) — )■ G is uniquely determined on 5{U) = {evx '■ 
X G U}. Let now / G GM(f7,G). Then iofe G[*^1(C/,M) for every ^ G G* 
and hence / : G[*^1(C/,M)' ^ Hg* ^ gi^^n by /(0) = (0(^o/))^eG. is a well- 
defined bounded linear mapping. Since it maps eva; to f{evx) — S{f{x)), where 
(5 : G — > Hg* ^ denotes the bornological embedding given by y >->■ {i{y))e£G', it 
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induces a bounded linear mapping / : A'*^! ([/) — > G satisfying f o S = f. Thus S* is 
a linear bijection. That it is a bornological isomorphism follows from the uniform 
boundedness principles 16.11 and 18.41 □ 

8.10. Theorem (Canonical isomorphisms). Let M = (Mk) and N = (Nk) be 
positive sequences. Let E, F he convenient vector spaces and let Wi be c°°-open 
subsets in such. We have the following natural bornological isomorphisms: 

(1) C^^'^'>iWi,C^^'>{W2,F)) = C^^\W2,C^^^\Wi,F)), 

(2) Ci^^^HWi,C^^HW2, F)) Ci^^W2,C^^HWi, F)), 

(3) C^^^'>iWi,C^^HW2,F))^C^^^W2,C^^'HWi,F)), 

(4) C^^'^{Wi,C°°{W2,F))=C°°{W2,C^^''\Wi,F)). 

(5) C[*^l(VKi,C"(W^2,-F)) = C'^iW2,C^'^\Wi,F)). 

(6) C^^'^^{Wi,L{E,F)) ^ L{E,C^^HWi,F)). 

(7) Ci^^'^{Wi,e°^{X,F))^£°^{X,Ci^^'\Wi,F)). 

(8) C^^'^^{Wunp\X,F)) = Cip\X,C^^'^^{WuF)). 

In (7) the space X is an -space, i.e., a set together with a bornology induced 
by a family of real valued functions on X, cf. jlQ l 1.2.4]. In (8) the space X is a 
Lip'' -space, cf 10, 1.4.1]. The spaces {X , F) and Cip'' {X , F) are defined in [TUl 
3.6.1 and 4.4.1] ^ 

Proof. Let and denote any of the functions spaces mentioned above and Xi 
and X2 the corresponding domains. In order to show that the flip of coordinates 
/ /, C^{Xi,C^{X2,F)) C^{X2,C^{Xi,F)) is a well-defined bounded linear 
mapping we have to show: 

• f{x2) e C^{Xi,F), which is obvious, since f{x2) = evx2°f '■ ^1 — ^ 
C^{X2,F)^F. 

• / e C^{X2,C^{Xi,F)), which we wih show below. 

• / / is bounded and linear, which follows by applying the appropriate 
uniform boundedness theorems for and since / 1— > ev^^^ oev-c^ o f — 
evx2 ° ev^^i o / is bounded and linear. 

All occurring function spaces are convenient and satisfy the uniform 5-boundedness 
theorem, where S is the set of point evaluations: 

Cl^^l bvlOlandIO 
C°° by ^ 2.14.3 and 5.26] 
C" by m 11.11 and 11.12] or byOandO 
L by m 2.14.3 and 5.18] 

by m 2.15, 5.24, and 5.25] or [lUl 3.6.1 and 3.6.6] 
£ip'' by TIT, 4.4.2 and 4.4.7] 

It remains to check that / is of the appropriate class: 
(l)-(4) For a € {(M), {M}} and ^ G {{N),{N}, 00} we have 

C''iWi,C'^iW2,F)) ^ L{X''{Wi),C^iW2,F)) byHH 

^ C^{W2,L{X°'{Wi),F)) by EE [22, 3.13.4 and 5.3] 

^C^{W2,C''{Wi,F)) byEH 

(5) follows from (2), (3), andO 

(6) is exactly Lemma 
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(7) follows from (6), using the free convenient vector spaces i^{X) over the 
^°°-space X, see jlOl 5.1.24 or 5.2.3], satisfying £°°{X,F) = L{e\X),F). 

(8) follows from (6), using the free convenient vector spaces X'^{X) over 
the rip'^-space X, see [lOl 5.1.24 or 5.2.3], satisfying £ip'=(X,F) ^ 
LiX''{X),F). □ 



9. Manifolds of C^^^l -mappings 

9.1. Hypothesis. In this section we assume that M = (Mk) is log-convex and 
has moderate growth. In the Beurling case C'^^l = (^(a^) -^^^e also require that 
(ju: g (j{M)^ equivalently (see (11314)), mI^'' oo. 

Note that M^^'^ oo implies Affc+i/M/j oo, since M^^'^ is increasing, by 
log-convexity fsee 12. ip . and thus Mk+i/M^ > M^^; this is needed for the (7'*^-' 
inverse function theorem (see l2.1l and l9.2p . 

9.2. Tools for C'*^! -analysis. We collect here results which are needed below (see 
also [23]): 

(1) On open sets in M", Cl^^l-vector fields have Cl^^l-flows, see ^ and [37|. 

(2) Between Banach spaces, the C'*^' implicit function theorem holds. This is 
essentially due to [36] , but in [36] only the Roumieu case is treated and the 
(7{A^}_conditions are global. So we shall indicate shortly how to obtain the 
result we need: 

Theorem. Let M — (Mk) be log-convex. In the Beurling case C'*^! = C'(a^) ^ye 
also assume Mk+i/Mk — >■ oo. Let E, F be Banach spaces, U Q E, V Q F open, 
and f : U ^ V a C°° -diffeomorphism. We have: 

(3) LetKCU be compact. If f e d^'\u,F) then f-^ e c\^^^^{V,E). 

(4) /// e C^^'\U,F) then f-^ e C^^''^{V,E). 

Proof. By (14.21 5). (3) implies (4). The proof of ^36j Thm. 2] with small obvious 
modifications provides a proof of (3) in the Roumieu case (see also [331 3.4.5]). 
For the Beurling case let / e cj^"^^ {U, F) and 

Lk ^ sup \\f^^Hx)\\LHE.F)- 

Then L<\M and since Mk+i/Mk — > oo there exists a log-convex sequence N — (Nk) 
satisfying Nk+i/Nk — ?> oo and such that L < N <] M hy [15, Lemma 6]. Thus, 
/ e ci^\u,F) and, by the Roumieu case, /-^ e cj'^j^^iV, E). Since N O M, we 

have f-^ e by Proposition [831 □ 

The C^^^l implicit function theorem follows in the standard way. 

9.3. Cl^^l -manifolds. A Cl*^] -manifold is a smooth manifold such that all chart 
changings are C'*^] -mappings. They will be considered with the topology induced 
by the c°°-topology on the charts. Likewise for C'!''^! -bundles and Cl*^l Lie groups. 

A mapping between Cl^-^I-manifolds is C^*^!, iff it maps Cl^l-plots (i.e., Cl^^l- 
mappings from the open unit ball of Banach spaces into the domain manifold) to 
such. 
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Note that any finite dimensional (always assumed paracompact) C°°-manifold 
admits a C°°-diffeomorpliic real analytic structure thus also a Cl^^l-structure. 

Maybe, any finite dimensional C'*^' -manifold admits a C^^^'-diffeomorphic real 
analytic structure. This would follow from; 

Conjecture. Let X he a finite dimensional real analytic manifold. Consider the 
space C[*^'(X, R) of all C^^^ -functions on X, equipped with the (obvious) Whitney 
C"^^'^ -topology. Then C"(X,M) is dense m C[*-fl(X,R). 

This conjecture is the analogue of [121 Proposition 8]. It was proved in the 
non-quasianalytic Beurling case C^*'^-' for X open in M" by [275 . 

The proofs of the following four results are similar to the proofs given in [251 
Section 5], using other analytical tools. For the convenience of the reader, we give 
full proofs here, sometimes with more details. 

9.4. Spaces of C'^^'-sections. Let p : — > B be a C'*^! vector bundle (possibly 
infinite dimensional). The space C[*^l(i? E) of all C'*^! -sections is a convenient 
vector space with the structure induced by 

CM(B ^ E) -^X{C^''\u^{U^),V) 

a 

S pr2 0%pa° SO 

where B Ua "° > Ua{Ua) C is a Cl^^l -atlas for B which we assume to be 
modeled on a convenient vector space W, and where ipa ■ E\ua, ^ Ua x V form a 
vector bundle atlas over charts [/„ of i3. 

Lemma. Assume Hypothesis \9.1\ Let D he the open unit hall in a Banach space. 

A mapping c : D ^ C'^^' {B ^ E) is a C'*^! -plot if and only if c^ : D x B ^ E is 
(j[M] ^ 

Proof. By the description of the structure on C*!*^! (B ^ E) we may assume by 
IS.ll that B is c°°-open in a convenient vector space W and that E ^ B x V. Then 
we have C^^'^B ^ B x V) ^ C^^'\B,V). Thus the statement follows from the 
exponential law 15.21 □ 

Let U C be an open neighborhood of s{B) for a section s and let q : F — > i? 
be another vector bundle. The set C^^'^^{B ^ U) of all Cl^^l -sections s' : B ^ E 
with s'{B) C [/ is c°°-open in the convenient vector space C^'^^^B •(— E') if _B is 
compact and thus finite dimensional, since then it is open in the coarser compact- 
open topology. An immediate consequence of the lemma is the following: liU Q E 
is an open neighborhood of s{B) for a section s and ii f : U — ^ _F is a fiber respecting 
C[*^l-mapping where F B is another vector bundle, then /* : C[^^l(i? ^ C/) — ?> 
C[M](5 ^ F) is Cl^^l on the open neighborhood Cl^^H^ ^ U) oi s in C^^''\B ^ 
E). We have (d(/,)(s)«), = d(f\unE^){s{x)){v(x)). 

9.5. Theorem. Assume Hypothesis \9.1\ Let A and B he finite dimensional C^*^!- 
manifolds with A compact and B equipped with a C^*^! Riemann metric. Then 
the space C*!^^' (A, B) of all Cl*^' -mappings A B is a C^^^l -manifold modeled on 
convenient vector spaces C[*^1(A 4— f*TB) of C^^^ -sections of pullhack hundles 
along f : A B. Moreover, a mapping c: D ^ C^'^^AjB) is a C^^^^-plot if and 
only if c'^ : D X A^ B IS Cl*^! . 
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If the C'^^l-structure on B is induced by a real analytic structure then there 
exists a real analytic Riemann metric which in turn is C^*^' . 

Proof. C'^^l-vector fields have C'^'^l-flows by 19.21 applying this to the geodesic 
spray we get the C^*^! exponential mapping exp : TB ^ U — >■ i? of the Riemann 
metric, defined on a suitable open neighborhood of the zero section. We may 
assume that U is chosen in such a way that (7rB,exp) : U — > i? x _B is a Cl*^!- 
diffeomorphism onto an open neighborhood V of the diagonal, by the C^^^ inverse 
function theorem, see 19.21 

For / G C*!*^! (A, B) we consider the pullback vector bundle 

AxTB ^ ^A xbTB = f*TB TB 

A — ^B 

Then the convenient space of sections C^^^^A -s— f*TB) is canonically isomorphic 
to the space C^^'\A,TB)f := {h e C^^'\A,TB) : ng o h ^ f} via s {t^'bD^^ 
and (Id^, h) ^ h. Now let 

[// := {.9 e C[*^1(A,B) : (/(x), g{x)) £ V for ah x G A}, 

Uf -.Uf ^ C^^'^\A^ f*TB), 

Ufi9)ix) = ix,expj^^.^{g{x))) ^ (x, ((ttb, exp)"^ o(/, 5))(a;)). 

Thenuf -.Uf^ise C^^'^^A ^ f*TB) : s{A) C /*[/ = (7r|j/)-i(C/)} is abijection 
with inverse uj^{s) = exp o(7r|j/) o s, where we view U — > i? as a fiber bundle. The 
set Uf{Uf) is c°°-open in C^^^\A -s— f*TB) for the topology described above in 19.41 
since A is compact and the push forward u/ is C'*^! since it respects C'^^' -plots by 
Lemma 19.41 

Now we consider the atlas (J//, u/)/gc[*'i(yi.s) for C'^^' (A, _B). Its chart change 
mappings are given for s e Ug{Uf n Ug) C C^*^! (A -s- g*TB) by 

{ufou~^){s) = (IdA,(7rB,exp)~^o(/,expo(7r5g)os)) 

= (T7^°T-g),(s), 

where Tg(a;, Ygj^)) := (x, expg^^j is a C'^^l-diffeomorphism Tg : g*TB D 

g*U ^ {g X IdB)^^(F) C A x i? which is fiber respecting over A. The chart change 
UfoUg^ — {tJ^ o Tg)^ is defined on an open subset and it is also C^*'^! since it 
respects C'*^' -plots by Lemma WM 

Finally for the topology on Cl*^! {A, B) we take the identification topology from 
this atlas (with the c°°-topologies on the modeling spaces CM(^^ which 
is obviously finer than the compact-open topology and thus Hausdorff. 

The equation ujoUg^ = {rJ^oTg)^ shows that the C'*^' -structure does not 

depend on the choice of the C'^^l Riemannian metric on B. 

The statement on C'^^' -plots follows from Lemma WM □ 



9.6. Corollary. Assume Hypothesis lff.il Let Ai,A2 and B be finite dimensional 
C^^'^^ -manifolds with Ai and A2 compact. Then composition 

CM(A2,i3) X ^ C^''\A,,B), {f,g)^fog 



38 



A. KRIEGL, P.W. MICHOR, A. RAINER 



IS Cl^^l. 

Proof. Composition maps Cl^^l-plots to Cl^^l-plots, so it is Cl*^l. □ 

9.7. Example. The result in l9.6l is best possible in the following sense: If N = {N^) 
is another weakly log-convex sequence such that C'^l C (71*^1 (for { } this is 
equivalent to inf(iVfe/Mfc)^/'^ = and sup(A^fc/Affc)^/'^ < oo) then composition 

C[^'^1(5\R) X C^"^{S\S^) ^ C[*^1(5\R), (/,.9) ^ fog 

is not with respect to the canonical real analytic manifold structures. 

Namely, there exists / e C^^'^\S\R) \ C^^\S\R). We consider / as a perfodic 
function M — >■ R. The universal covering space of C^^^S^, S^) consists of all 2ttZ- 
equivariant mappings in C[^^1(R,R), namely the space of all 5 + Ida for 27r-periodic 
g e Cl^^l. Thus C[*^l(5\5i) is a real analytic manifold 'And t {x ^ x + t) 
induces a real analytic curve c in C*!^^' {S^, S^). But /, o c is not C(^) (resp. C{^>) 
since: 

{d^\t=oif.oc)mx) _ d^\t=ofix + t) _ f(^\x) 

which is unbounded in k for a; in a suitable compact set and for some (resp. all) 
p > 0, since / ^ C^^) (resp. / i C^^>). 

9.8. Theorem. Assume Hypothesis Iff. il Let A he a compact (thus finite dimen- 
sional) C^^^ -manifold. Then the group Diff'^^' (A) of all C^^^ -diffeomorphisms of A 
is an open subset of the C^^-^^ -manifold C^"'*^! (A, A). Moreover, it is a C^^^^ -regular 
C[*^l Lie group: Inversion and composition are C[*^l. Its Lie algebra consists of all 
C^^'^^ -vector fields on A, with the negative of the usual bracket as Lie bracket. The 
exponential mapping is CM. It is not surjective onto any neighborhood of Id^ . 

Following [23], see also [22l 38.4], a C[*^l-Lie group G with Lie algebra g = TeG 
is called C'*'^! -regular if the following holds: 

• For each Cl^^l-curve X G C[*^1(R,0) there exists a Cl^^l-curve g e 
C[*^1(R, G) whose right logarithmic derivative is X, i.e., 

3(0) - e 

dtgit) ^T,{ti3('))X{t)^X{t).g{t) 

The curve g is uniquely determined by its initial value 5(0), if it exists. 

• Put evolQ(X) = g[l) where g is the unique solution required above. Then 
evol^ : C[*^1(IR,0) ^ G is required to be GI^^I also. 

Proof. The group Diff[^^l(A) is c°°-open in G'*^' (A, A) since the G°°-diffeomor- 
phism group Diff(A) is c°°-open in G°°(A, A) by 43.1] and since Difft*^J(A) = 
Diff(A) n G^^'\A,A) by 1121 So Diff[*^l(A) is a GI*^! -manifold and composition 
is G[*^l by and EH To show that inversion is GI^I let c be a Gl^^l-plot in 
Diff[A^](^)_ ByEHthe mapping : L> x A ^ A is G'*^! and (invo c)"" -.Dx A^ 
A satisfies the Banach manifold implicit equation c^(t, (invo c)^{t,x)) — x for 
X & A. By the Banach G^*^' implicit function theorem 19.21 the mapping (invo c)^ 
is locally GI^^I and thus GI*^!. By |93] again, invo c is a Gl^^l-plot in Diff I^^' (A). 
So inv : Diff[*^l(A) ^ Diff[*^l(A) is G[*^1. The Lie algebra of Diff[^^l(A) is the 
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convenient vector space of all C^^^' -vector fields on A, with the negative of the 
usual Lie bracket (compare with the proof of 22, 43.1]). 

To show that Diff {A) is a C'^^i -regular Lie group, we choose a Cl*^l-plot m 
the space of -curves in the Lie algebra of all C^*^' vector fields on A, c : D ^ 
Cl^l (M, Cl*^l (A ^ TA)). By Lemma [H] the curve c corresponds to a (Z? x R)- 
time-dependent Cl^^l vector field c^^ : D x R x A TA. Since Cl^'^l-vector fields 
have C^^^I-flows and since A is compact, evor(c^(s))(i) = Fl^ is C^^^' in all 
variables by [921 Thus Diff[^l(A) is a Cl^l-regular Cl^l Lie group. 

The exponential mapping is evoF applied to constant curves in the Lie algebra, 
i.e., it consists of flows of autonomous C^*^' vector fields. That the exponential 
mapping is not surjective onto any C^*^! -neighborhood of the identity follows from 
[22l 43.5] for A — S^. This example can be embedded into any compact manifold, 
see [U. □ 
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